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We analyze a zero-sum stochastic differential game between two competing players who can choose unbounded 
controls. The payoffs of the game are defined through backward stochastic differential equations. We prove that 
each player's priority value satisfies a weak dynamic programming principle and thus solves the associated fully 
\ non-linear partial differential equation in the viscosity sense. 
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1 Introduction 

In this paper we extend the study of Buckdahn and Li [10] on a zero-sum stochastic differential game (SDG), whose 
payoffs are generated by backward stochastic differential equations (BSDEs), to the case of super-square-integrable 
controls (see Remark l2.1j) . 

Since its initiation by Fleming and Souganidis [15] ; the SDG theory has grown rapidly in many aspects (see 
e.g. the references in [TU], [5]). Among these developments, Hamadene et al. [TTl [TH1 U3] introduced a (decoupled) 
SDE-BSDE system, with controls only in the drift coefficients, to generate the payoffs in their studies of saddle 
point problems of SDGs. (For the evolution and applications of the BSDE theory, see Pardoux and Peng [24], 
El Karoui et al. [14] and the references therein.) Later on, [10] as well as its sequels [12] [TT] [9] generalized the 
SDE-BSDE framework so that the two competing controllers can also influence the diffusion coefficient of the 
state dynamics. Unlike [TS], [TU] used a uniform canonical space il = {lj G C([0,T];R d ) : w(0) = 0} so that 
admissible control processes can also depend on the information occurring before the start of the game. Such a 
setting allows the authors of [10 get around a relatively complicated approximation argument of [15] which was due 
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to a measurability issue (see Remark 12. 61) . and allows them to adopt the notion of stochastic backward semigroups 
and a BSDE method, developed in J25] HZ]; to obtain results similar to [IS]: the lower and upper values of the 
SDG satisfy a dynamic programming principle and solve the associated Hamilton- Jacobi-Bellman-Isaacs equations 
in the viscosity sense. However, [TO] . [15] as well as some latest advances to the SDG theory (e.g. Bouchard et al. 
[5] on stochastic target games, Pham and Zhang [25] on weak formulation of SDGs, Peng and Xu [55] on SDGs 
in form of a generalized BSDE with random default time) still assume the compactness of control spaces. In this 
paper, we are going to address this particular issue. 

In the present paper, since two players take super-square-integrable admissible controls over two separable metric 
spaces U and V, those approximation methods of [15] and [lOj in proving the dynamic programming principle are 
no longer effective. Instead, We derive a weak form of dynamic programming principle in spirit of Bouchard and 
Touzi [5] and use it to show that each player's priority value solves the corresponding fully non-linear PDE in 
the viscosity sense. Vitoria [3D] has tried to extend the SDG for unbounded controls by proving a weak dynamic 
programming principle. However, it still assumed that the control space of the player with priority is compact, see 
Theorem 75 therein. 

Square-integrable controls were initially considered by Krylov [211 Chapter 6], however, for cooperative games 
(i.e. the so called sup sup case). Browne [8] studied a specific zero-sum investment game between two small 
investors who control the game via their square-integrable portfolios. Since the PDEs in this case have smooth 
solutions, the problem can be solved by a verification theorem instead of the dynamic programming principle. It is 
also worth mentioning that inspired by the "tug-of-war" (a discrete-time random turn game, see e.g. |28) and [22]). 
Atar and Budhiraja 1 studied a zero-sum stochastic differential game with U = V = {x G R™ : |x| = 1} x [0, oo) 
played until the state process exits a given domain. As in Chapter 6 of [21] , the authors approximated such a game 
with unbounded controls by a sequence of games with bounded controls which satisfy a dynamic programming 
principle. They showed the equicontinuity of the approximating sequence and thus proved that the value function 
of the game is a unique viscosity solution to the inhomogenous infinity Laplace equation. We do not rely on this 
approximation scheme but directly prove a weak dynamic programming principle for the game with super-square- 
integrable controls. 

Following the probabilistic setting of [TU] (see Remark 12. 6p . our paper takes the canonical space f2 = {w G 
C([0,T];R d ): lu(0) = 0}, whose coordinator process B is a Brownian motion under the Wiener measure P. When 
the game starts from time t G [0, T], under the super-square-integrable controls /i G Ut and v € Vt selected by player 
I and II respectively, the state process X t '^' IJ '' v starting from a random initial state £ will then evolve according to 
a stochastic differential equation (SDE): 

X s =£ + J b(r,X r ,Li r ,is r ) dr + J a(r,X r , [i r ,v r ) dB r , s £ [t,T], (1.1) 

where the drift b and the diffusion a are Lipschitz continuous in x and have linear growth in (u,v). The payoff 
player I will receive from player II is determined by the first component of the unique solution (Y t >€> fi > u , Z i, t> li,v ) 
to the following BSDE: 

Y s =g(X t /'^)+J f^Xl'^^Z^Hr^dr- J Z r dB ri s G [t,T]. (1.2) 

Here the generator / is Lipschitz continuous in (y, z) and also has linear growth in (u,v). When g and / are 
2/p— Holder continuous in x for some p G (1,2], Y t '^'^' v is p— integrable. As we see from (jl.ip and (|1.2[) that the 
controls /i, v influence the game in two aspects: either affect (|1.2[) via the state process X t '^' fl ' v or appear directly 
in the generator / of (|1.2I) as parameters. In particular, if / is independent of (y, z), Y is in form of the conditional 
linear expectation of the terminal reward g{X!p plus the cumulative reward J f(r, A*'^ ,M,I/ , /i r , v r ) dr (cf. |15|). 

When the player (e.g. Player I) with the priority chooses firstly a super-square-integrable control (e.g. fi G U t ), 
its opponent (e.g. Player II) will select its reacting control via a non-anticipative mapping (3 t : U t — > Vt, called 
Elliott- Kalton strategy, due to some technical subtleties as demonstrated in [15) . In particular, using Elliott-Kalton 
strategies is essential in proving the dynamic programming principle. This phenomenon already appears in the 
controller-stopper games, i.e. when one of the players is endowed with the right of stopping the game instead of 
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using a control; see [2], which shows that if the stopper acts second it is necessary that the stopper uses non- 
anticipative strategies in order to prove a dynamic programming principle. This type of phenomenon does not 
appear (or it is implicitly satisfied) if the controllers only control the drift, see e.g. [3J and the references therein, 
or when there are two stoppers (the so-called Dynkin games), see e.g. [4] and the references therein. 

By Wi(t, x) = essinf esssup yI' 31 '^'^^ we will represents Player I's priority value of the game starting from time 

t and state x, where 03* collects all admissible strategies for Player II. Switching the priority defines Player IPs 
priority value W2{t,x). 

Although our setting makes the payoffs Y^'^'" random variables, we can show like [10] that w\{t,x) and 
W2(t,x) are invariant under Girsanov transformation via functions of the Cameron-Martin space and are thus 
deterministic, see Lemma 12.21 To assure values w\(t,x) and W2(t,x) are finite, we assume that each player has 
some control neutralizer for coefficients (b,a,f) (such an assumption holds for additive controls, see Remark 12.21) . 
and we impose a growth condition on strategies. These two technical requirements also plays an important role in 
proving our weak dynamic programming principle. When U and V are compact, the control neutralizers become 
futile and the growth condition holds automatically for strategies. Thus our problem degenerates to (TUJ's case, see 
Remark 12.51 

Although value functions wi(t,x), W2{t,x) are still 2/p— Holder continuous in x (see Proposition ^. 3p . they may 
not be continuous in t. Hence we can not follow |10j's approach to get a strong form of dynamic programming 
principle for w\ and W2- Instead, we prove a weak dynamic programming principle, say for w\\ 

essinf esssup Y*' X ' M ( Tp , M , 4>(r^, X}™™)) < Wl {t, x) < essmf esssup Y^ X ' M ( Tp , M , 4>{r^, ^M)), 
f>e»i ixeUt v 7 pe'Bt v 7 

for any two continuous functions 4> < w\ < <fi. Here Tp^ denotes the first existing time of state process X t,x,>1 ^^ 
from the given open ball 0$(t, x). 

To prove the weak dynamic programming principle, we first approximate w\(t, x) = essinf I(t, x, /?) from above 

and I(t, x, P) = esssup in a probabilistic sense (see Lemma 14. 2[) so that we can construct 

e— optimal controls/strategies by a pasting technique similar to the one used in [B] and |30j . Then we make a 
series of estimates and eventually obtain the weak dynamic programming principle by using a stochastic backward 
semigroup property (|2.10p . the continuity dependence of payoff process Y t, ^'^ ,v on £ (see Lemma [2.31) as well as 
the control-neutralizer assumption and the growth condition on strategies. 

Next, one can deduce from the weak dynamic programming principle and the separability of control space U, 
V that the value functions w\ and W2 are (discontinuous) viscosity solutions of the corresponding fully non-linear 
PDEs, see Theorem O 

The rest of the paper is organized as follows: After listing the notations to use, we recall some basic properties of 
BSDEs in Section[T] In Section^ we set up the zero-sum stochastic differential games based on BSDEs and present 
a weak dynamic programming principle for priority values of both players defined via Elliott-Kalton strategics. With 
help of the weak dynamic programming principle, we show in Section [3] that the priority values are (discontinuous) 
viscosity solutions of the corresponding fully non-linear PDEs. The proofs of our results are deferred to Section [4] 

1.1 Notation and Preliminaries 

Let (M, p M ) be a generic metric space and let BS{M) be the Borel cr — field on M. For any x 6 M and <5 > 0, 

Os{x) = {x' E M : p (x, x') < 6} and Os(x) = {x' e M : p M (x,x') < 5} respectively denote the open and closed 
ball centered at x with radius S. For any function tj> : M — > R, we define 

lim 4>(x') = lim j" inf (p(x') and lim 4>(x') = lim J, sup 4 > { x ')i Vi 6M. 

Fix d gN and a time horizon T £ (0, oo). We consider the canonical space U = {weC([0,T];l li ): w(0) = 0} 
equipped with Wiener measure P, under which the canonical process B is a d— dimensional Brownian motion. 
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Let F = {J~t}te[o,T] be the filtration generated by B and augmented by all P— null sets. We denote by 2? the 
F— progressively measurable a— field of [0, T] x Vl. 

Given t G [0, T], Let St,T collect all F— stopping times r with t < r < T, P— a.s. For any r G St,T and A G J- T , 
we define [t,r[ A = {(r,w) G [t,T] x A: r < t(ui)} and [r, TJa = {(r,u>) & [t,T] x A: r > r(w)} for any A G J" r . 
In particular, [t,r[= [t,r[ n and [r,T] = [r,T] n are the stochastic intervals. 

Let E be a generic Euclidian space. For any p G [I, oo) and t G [0, T], we introduce some spaces of functions: 

1) For any sub— a— field Q of Tt, let L, P (Q,K) be the space of all E— valued, Q— measurable random variables £ 

such that ||£ I|lp(s,e) = < 00 1 an d let L°°((?, E) be the space of all E— valued, (?— measurable bounded 

random variables. 

2) C F ([i, T],E) denotes the space of all E— valued, F— adapted processes {X s } s <=[t,T] with P— a.s. continuous paths 

i/p 

such that ll-X"llr?.([t,T],E) = i E sup \X S \ P )■ < oo. 



sup |X S 

s£[t,T] 



3) H F '' oc ([i,T],E) denotes the space of all E— valued, F— progressively measurable processes {X s } s(£ [ tT ] such that 
J t \X s \Pds < oo, P-a.s. For any p G [l,oo), H F ' p ([t,T],E) denotes the space of all E— valued, F— progressively 



measurable processes {X s } se[tyT] with ||-X"|| BI p.£([ t)T ] iE ) = \e (J^\X s \ p ds) p/p } 
4) We also set G£([t,T]) = C F ([t,T],M) x M% p ([t,T\,R d ). 



i/p 



< oo. 



If E 



we will drop it from the above notations. Moreover, we use will the convention inf = oo. 



1.2 Backward Stochastic Differential Equations 

Given t G [0,T], a t— parameter set (77, /) consists of a random variable 77 G IP^Ft) and a function / : [t,T] x D, x 
Exl^M that is (g) ^(E) ® ^(R d )/^(K) -measurable. In particular, (77, /) is called a -parameter set 
for some p G [1, 00) if 77 G L^Jr). 

Definition 1.1. Given a t-parameter set (77,/) for some t G [0,T], a pair (Y, Z) G C F ([i,T]) x M^ loc ([t,T],R d ) 
is called a solution of the backward stochastic differential equation on the probability space (O, Tt, P) over period 
[t,T] with terminal condition 77 and generator f yBSDE\t,r], /) for short) if it holds P—a.s. that 

Y s =r]+J f(r,Y r ,Z r )dr-J Z r dB r , s G [t,T]. (1.3) 

Analogous to Theorem 4.2 of [7], we have the following well-posedness result of BSDE (|1.3[) . 

Proposition 1.1. Given t G [0, T] and p G [1, 00), Ze< (r),f) be a (t,p)— parameter set such that f is Lipschitz 
continuous in (y,z): i.e. for some 7 > 0, it holds for ds x dP—a.s. (s, cj) G [t,T] x f2 that 

\f(s,u,y,z)-f(s,cj,y',z')\<j(\y-y'\ + \z-z'\), Vj/.z/eR, Vz,z'GM d . 
If E ( /j T |/(s, 0, 0) |da) P <oo, BSDE (|1.3|) admits a unique solution (Y, Z) €G F ([i, T]) smc/i ftat satisfies 

l-T 



E 



sup |F S | P 

s£[i,T] 



<C(T,p )7 )£ 



hr + 



/(a, 0,0) da 



P, 



P-a.s. 



(1.4) 



Also, we have the following a priori estimate and comparison for BSDE (II. 3[) . 

Proposition 1.2. Given t G [0,T] and p G [l,oo), Ze£ (r]i,fi),i = 1,2 fee two (t , p) — parameter sets such that f\ is 
Lipschitz continuous in (y,z), and let (Y z ,Z i j G G F ([i, T]), i = l,2 6e a solution of BSDE(t,rji, fA . 

(1) If E lj t \fi{s,Y^,Zl) - f 2 {s,Y^,Z^)\ds\ < 00 /or some pG (1, p], then it holds P-a.s. that 

<C(T,p,j)E 



E 



sup in'-nT 

,se[t,T] 



lv, -//,!' -:-[ ^ |A(a,y s 2 ,z s 2 )-/ 2 (a,r s 2 ,z s 2 )|da XP 



IP 



p 



(1.5) 



(2) Ifm < (resp. >) 772, P-a.s. and if /i(a, F s 2 , Z 2 S ) < (resp. >) / 2 (s, Y 2 , Z 2 S ), ds x dP-a.s. on [t,T] x ft, i/ien it 
holds P-a.s. that Y} < (resp. >) Y 2 for any s G [t,T]. 
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2 Stochastic Differential Games with Super-square-integrable Con- 
trols 

Let (U, p v ) and (V, p v ) be two separable metric spaces. For some Uo G U and vq G V, wc define 

Nu = P v i u : u o), VueO and [v] y = p y (v, v ), VvGV. 

We shall study a zero-sum stochastic differential game between two players, player I and player II, who choose 
super-square-integrable U— valued controls and V— valued controls respectively to compete: 

Definition 2.1. Given t G [0, T], an admissible control process /i = {t J 's}se[t.T] f or player I over period [t,T] is 
a U— valued, F— progressively measurable process such that E J^lfi^ds < oo for some q > 2. Admissible control 
processes for player II over period [t,T] are defined similarly. We denote by ti t (resp. Vt) the set of all admissible 
controls for player I (resp. II) over period [t, T]. 

Remark 2.1. The reason why we use super-square-integrable controls lies in the fact that in the proof of Proposition 
\2.2l the set of U— valued (resp. V— valued) square integrable processes is not closed under Girsanov transformation 
via functions of the Cameron- Martin space (see in particular (|4.16|) ). 

Lemma 2.1. Let t G [0,T] and t G St.r- For any p 1 , /J 2 G lit, p s = 1{s<t}Ms + l{s>r}M?; s G [t, defines a 
U t — control. Similarly, for any v 1 ,v 2 G V t , v s = \{ s<T }v\ -\-\{ s>T }V 2 , s G [t,T] defines a Vt — control. 

2.1 Game Setting: A Controlled SDE-BSDE System 

Our zero-sum stochastic differential game is formulated via a (decoupled) SDE— BSDE system with the following 
parameters: Fix k G N, 7 > and p G (I, 2]. 

1) Let b : [0,T] x R fe x U x V -> R fe be a ^([0,T]) ® 38(R k ) ® 38(\]) ® ^(V)/^(R fc ) -measurable function and let 
cr : [0, T] x R fc x U x V -)• R fcxd be a ^([0, T]) <g> 3§(R k ) ® &(U) <g) ^(V)/^(R fexd )-measurable function such that 
for any (t, u, u)e[0,T]xDxV and x, x' G R fe 

\b(t,0,u,v)\ + \a(t,0,u,v)\<j(l + [«]„ + [«] v ) (2.1) 
and |6(i, x, w, v) — b(t, x',u,v) \ + \a(t, x, u, v) — a(t, x' , u, v)\ <j\x — x'\. (2-2) 

2) Let g : R k — >R be a 2/p— Holder continuous function with coefficient 7. 

3) Let / : [0, T] x R fe x R x R d x U x V -)• E be ^([0, T])®^(R fc )(g)^(IR)(g)^(R <i )(8)^ , (U)(g)^(V)/^ , (R)-measurable 
function such that for any (i, u, v) G [0, T] x U x V and any (x, y, z), (x 1 , y', z') G R fe x R x R d 

|/(i,o,o,o, u ,«)|< 7 (i + M^ + H; /p ) (2.3) 

and \f(t,x,y,z,u,v)-f(t,x',y',z',u,v)\ < j(\x - x'\ 2 ' p + \y - y'\ + \z - z'\). (2.4) 

For any A > 0, we let c\ denote a generic constant, depending on A, T, 7, p and |<?(0)|, whose form may vary 
from line to line. (In particular, cq stands for a generic constant depending on T, 7, p and |<?(0)|.) 
Also, we would like to introduce two control neutralizers i),i> for the coefficients: For some k > 

(A-u) there exist a function ip : [0,T] x (j]\O K (u )) -)■ V that is &([0,T]) x ^(U\O«(w ))/^(V)-measurable 
and satisfies: for any (t, x, y, z) G [0, T] x R k x R xR d and u,u' G V\O K (u ) 

b(t, x, u, i[>(t, w)) = b(t, x, u' , tp(t, u')) , a(t,x,u, ip(t, u)) —a(t, x, u' ', t/>(£, u')) , 
f(t,x,y,z,u,ip(t,u))=f(t,x,y,z,u',ip(t,u / )) and [^(t, ti)] v < k(1 + [u^); 

(A-v) and there exists a function ^ : [0, T] x (V\O K (v )) -)• U that is 3§([G, T]) x &(Y\O K (v )) /^(U) -measurable 
and satisfies: for any (t, x, y, z) G [0, T] x R k x R x R d and u, u' G V\O«(u ) 

b(t, x, ip(t, v), v) —b(t, x, ip(t, v'), v') . a(t,x, ip(t, v), v) =a(t, x, tfj(t, v'), v') , 
f(t, x, y, z, Tp(t, v),v)=f(t, x, y, z, $(t, v'), v') and $(t, v)] v <k(1 + [v] y ). 
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Remark 2.2. A typical example satisfying both (A-u) and (A-v) is the additive-control case: Let V = Y = M i and 
consider the following coefficients: 

b(t,x,u,v) = b(t,x,u + v), o~(t,x,u,v) = o~(t,x,u-\-v) and 

f(t,x,y,z,u,v) = f(t,x,y,z,u + v), V (t,x,y,z,u,v) £ [0, T] xR k xMxR^xUx V. 
Then (A-u) and (A-v) hold for functions i))(u) = —u and ip(v) — —v respectively. 

When the game begins at time t € [0, T], player I and player II select admissible controls fi £ Ut and v £ X> t 
respectively. Then the state process starting from £ £ L 2 ^, R fe ) will evolve according to SDE (jl.ll) on the 
probability space (f2, Tt,P)- The measur ability of functions b, a, [i and v implies that 

b^ v (s, uj, x) = b(s, x, fj, s (u), v s (uj)) , V (s, uj, x) £ [t, T] x ft X R k 



IS 



: )/M(R k ) -measurable and that 



o-^(s, w, x) = a(s, x, n s (uj),v s (uj)) , V (s, u), x) e[t,T]xflx R k 

is ^®^(R fc )/^(R fcxd )-measurable. Also, $TQ) and Holder's inequality show that V*'" , a^ v are Lipschitz 

continuous in x and satisfy 



E 



n \b^( S ,o)\d S y + ( / i^m)!^) 



<c + c E ([fi s } 2 +[is s ] 2 )ds < 



oo. 



Then it is well-known that the SDE ([IT]) admits a unique solution {X^'"} se[t T] £ C|([t,T],R fc ) such that 



sup IX^'^I 

sG[t,T] 



< c Q E[\i\ 2 ]+c a E 



(J^\b^(s,Q)\ds) 2 + (^ T |a^( S ,0)| ds)' 



< 



co(l+i?[|£| 2 ]+^ T ([M4 + K]v)^ <oo. 



(2.5) 



A 



Given s £ [f, T], let [fj] s denote the restriction of /i over period [s, T] : i.e., [/it]* = /Lt r , Vr £ [s, T]. Clearly, [/x] s £ £4, 



similarly, { = v T } r£ [s T] £ V s . As 

x t, S>M> , = x t,i,^ + £ x t^,^ ^ ^ dr , + £ o~(r' , X*/-"", /v, *v) dB r , 

= X t />»>»+ f \(r',X t r ^ v Mr'Mr)dr J + f a(r' , X t *" v , [<,) dB r ,, r £ [s,T], 



we see that {^''^'"} re[s T] £ C|([s, T],R k ) solves (HJj with the parameters (s, X*>«>^, [/i] s , . To wit, it 
holds P— a.s. that 



(2.6) 



Lemma 2.2. Given t e [Q,T], let ^ <El?(T t ,R k ) and (^,v),(^,,v) <ElA t xVt- If (n,v) — (^,v) , drxdP—a.s. on 
[t, r[U [r, T]yi for some r£5 t; r and A £ J>. t/ien it holds P~a.s. that 

1aX U,h,» + lAcX t T if' ,J = IaX*/^" + l A cXlif>", Vs £ [t,T\. (2.7) 



Now, let O stand for the quadruplet (t,£,fi,v). Given r £ iS^t, the measurability of (/, X®,fi, v) and (|2.4 
imply that 

ff(s,uj,y,z) = l {s<T(w)} /(s,Xf {u),y,z,ii s {u),v s {u)), \/(s,uj,y,z) £ [t, T] x O x K x R d 
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is a & (g> &(M) <3 3$(R d )/3$(M.)— measurable function that is Lipschitz continuous in (y, z) with coefficient 7. And 
one can deduce from (|2.3[) . (|2.4I) and Holder's inequality that 



E 



\f?{s,0,0)\ds 



<c Q + c E 



sup x? + [m,]^+n; 



< 00. 



(2.8) 



Thus, for any 77 e ^(.Ty), Proposition ll.ll shows that the BSDE(/j, 77, ff) admits a unique solution (Y 6 (r, 77) , Z e (r, 77)) 
sGp([t, T]J, which has the following estimate as a consequence of (|1.5I) . 

Corollary 2.1. Lei i 6 [0, T], £ E L 2 (J" t , R fc ), (n,u)eU t xVt and r€iSt,T- Given 771,772 6L P (J>) 7 if ZioZds /or a?!?/ 
p€(l,p] that 



E 



sup 

se[t,T] 









.Ft 



< Cp^[|?7i - 77 2 | p |j r t], P-a.s. 



(2.9) 



Given another stopping time £€<St,T with C<r, P— a.s., one can easily show that |(^as( t ' 'Oj l{s<C}^f > ( T ' '?))} 
€ G£([t,T]) solves the BSBE(t,Y^(T,n), f^) . To wit, we have 

(y s e (C,r c e (r,7,)),zf(c,r c e (r,7y))) = (y ( e A! (^),i {s<c} z s e (r l( ,)), se[t,T]. 

In particular, when £ = r, 

(y s e (r,7,),Zf(r,7y)) = (y r e As (r,r / ),l {s<T} Zf(r,7y)), *G [*,!*]. 



i€[t 



On the other hand, if r g 5 S! t for some sE [t,T], letting 9 s = (s,Xf, [fi] s , [v] s ), we can deduce from 
{(y r 9 (T,!i),^(r,f,))} re[siI1 eG p F ([ Si r]) solves the following BSDE( S , r?, f?) : 

Y s = 77+/ l{ r , <T }f{r\Xf,,Y r ,,Z rl ,^ rl ,v r ,)dr'-l Z r idB r , 

J r J r 

= 77+/ l {r , <r} /(r',X^,y r ,,Z r ,,^,[i/]^)dr'- / Z r ,d£V, re[s,T]. 



(2.10) 

(2.11) 
that 



Hence, it holds P— a.s. that 



Y r e (T, V ) =y r 0S (r,77), Vre[ S ,T] 



(2.12) 



The 2/p-H61der continuity of functions g and ^ show that g(X$) E IP^t)- We set J(6) = F t e (T, 5 (X®)) 
and have the following a priori estimate: 

Lemma 2.3. Let t E [0,T] and (ii,v) E U t x Vf. Given £i,£2 e L 2 ( J" t , R fe ) , it holds for any p E (l,p] that 



E 



sup 

sG[t,T] 



Y^< v (T,g{X^> v )) -Y t a ^' v {T,g{X t ^' v )) 



p 






Tt 



<c ? |6-6l~, P-a.s. (2.13) 



2.2 Definition of Value Functions and a Weak Dynamic Programming Principle 

Now, we are ready to introduce values of the zero-sum stochastic differential games via the following version of 
Elliott— Kalton strategies (or non-anticipative strategies). 

Definition 2.2. Given t E [0, T], an admissible strategy a for player I over period [t, T] is a mapping a: Vt—rbif 
satisfying: (i) There exists a C a >0 such that for any vEVt [(a(^)) s ] u <K+C Q [^ s ] v , dsxdP—a.s., where K is the 
constant appeared in (A-u) and (A-v); (ii) For any u ,u EVt, rESt t T and A E Ft, ifv l —v 2 , dsxdP—a.s. on 
P,t[U[t,T]a, then a(v 1 ) = a(v 2 ), dsxdP-a.s. on [t, r[U [r, Tj A . 

Admissible strategies /3 : Ut —> Vt for player II over period [t, T] are defined similarly. The collection of all 
admissible strategies for player I (resp. II) over period [t,T] is denoted by%t (resp. *B f ) . 
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Remark 2.3. The condition (ii) of Definition [2~B is called the nonanticipativity of strategies. It is said in )1(A 
line 4 of page 456] that "From the nonanticipativity of (3% we have = X)j>i lAj/^^), What actually 

used in this equality is not the nonanticipativity of 02 as defined in Definition 3.2 therein, but the requirement: 

For any u,u€Ut+s,T and A^Tt+s, if u — u on [t + 5,T]x A, then ^(u) — ^(u) on[t+S,T]xA. (2-14) 

Since 02 is a restriction of strategy /3 G B±,t over period [t+S, T], (12.141) entails the following condition on j3. 

For any u, u£Ut,T, amy s G [t, T] and any AgJs, if u — u on (Jt, s) x J7) U ([s, T] xA), 
then f3(u)=f3(u) on ([t,s) xSl)u ([s,T]xA). 

which is exactly a simple version of our nonanticipativity condition on strategies with t = s. 
For any (t, x) G [0, T] x M fc , we define 

wi(t,x) = essinf esssup j(t,x, /i, /3(/u)) = essinf esssup y^ x ^^^ [T, g(x T ^^^^ ) ) 

and w 2 (t, x) — esssup essinf J(t, x, a(y), v) — esssup essinf (T, g(x!f xMv) A ) 

as player I's and player IPs priority values of the zero-sum stochastic differential game that starts from time t with 
initial state x. 

Remark 2.4. When f is independent of (y,z), w\ and ui2 are in form of 

g(X* T <"W) + f T f{s,Xt^^,{a{v)) s ,v s )ds 



wi(t, x) = essinf esssup E 



and W2(t,x) = esssup essinf E 



V (i, x) G [0, T] x 



Remark 2.5. When U and V are compact (say U = O k (uq) and V = O k (vo)), Assumptions (A-u), (A-v) are no 
longer needed, and the integrability condition in Definition \2.1\ as well as the condition (i) in Definition \2.2\ hold 
automatically. Thus our game problem degenerates to the case of \1 Uf . 

Let us review some basic properties of the essential extrema for the later use (see e.g. [231 Proposition VI-1-1] 
or QH Pheorem A.32]): 

Lemma 2.4. Let {£i}iez, {r]i}iei be two classes of Ft — measurable random variables with the same index set I. 

(1) If < (=) rji, P—a.s. holds for all i G T, then esssup^ < (=) esssup rji, P—a.s. 

iei iei 

(2) For any A G Ft, it holds P—a.s. that esssup (1^6 + ^-A a Vi) — ^-A esssup^ + \a c esssup rji- In particular, 

iei iei iei 

esssup (lA^i) = 1a esssup £i ; P—a.s. 

iei iGZ 

(3) For any Ft— measurable random variable rj and any A > 0, we have esssup (A£i + rj) — A esssup £j + r\, P—a.s. 

iei iei 

(l)-(3) also hold when we replace esssup by essinf. 

iei ieX 

The values Wi, w 2 are bounded as follows: 

Proposition 2.1. For any (t,x) G [0,T] x R k , it holds P-a.s. that |^i(t,ar)| + \w 2 {t,x)\ < c K + c \x\ 2/p . 

Similar to Proposition 3.1 of |10j . the following result allows us to regard w\ and W2 as deterministic functions 
on [0, T] 



x 



Proposition 2.2. Let i = 1,2. For any (t,x) G [0, T] x M fc , it holds P—a.s. that Wi(t,x) — E[wi(t,x)]. 
Moreover, w\ and W2 are 2/p— Holder continuous in x: 
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Proposition 2.3. For any t G [0, T] andx\,x 2 G |^i(f, £i) — wi(t, acg) + k"2(*j x\)— W2(t,X2j\ < c |xi— X2I 2 • 

However, the values wi, W2 are generally not continuous in i unless U, V are compact. 

Remark 2.6. When trying to directly prove the dynamic programming principle, [15] encountered a measurability 
issue: The pasted strategies for approximation may not be progressively measurable, see page 299 therein. So they 
first proved that the value functions are unique viscosity solutions to the associated Bellman-Isaacs equations by a 
time- discretization approach [assuming that the limiting Isaacs equation has a comparison principle), which relies 
on the following regularity of the approximating values 

K(i,x) -v n {t',x')\ < C(|t-i'| 1/2 + \x-x'\) V(t,x),(t',x') G [0,T] x K fe 

with a uniform coefficient C > for all partitions n of [0,T]. Since our value functions w\, w 2 may not be 
1/2— Holder continuous in t, this method seems not suitable for our problem. Hence, we adopt Buckdahn and Li's 
probability setting. 

The following weak dynamic programming principle for value functions Wi, w 2 is the main topic of the paper: 

Theorem 2.1. 1) Given t e [0,T), let <j>,4> : [t,T] xtf^M be two continuous functions such that <p(s, x) < 
w\{s,x) <4>{s,x), (s,x)e[t,T]xR k . Then for any x eR k and 5e(0,T - t), it holds P- a. s. that 

essinf esssup Y*™'™ (r^, 4>{r^, Xtf?'^))) < Wl (t, x) < essmf esssup Y*™'™ (r^, 0(r^, M , X*™'™)) , 
where t^ = M {se(t,T]: (s, Xi' x ' M,/3(M) ) £O s (t,x)}. 

2) Given t G [0,T), let <\>,<\> : [t,T] xl'->R be two continuous functions such that 4>(s,x) < W2(s,x) < cf>(s,x), 
(s,x)e[t,T]xR k . Then for any xeR k and S G(0,T - t) , it holds P-a.s. that 

esssup essinf r^' aM ^(r Q ^,0(r Q .,,X*^M^))< W2 (i,x)<esssup essinf Y^' x ' aM ' u (r a , v , $( Ta , v , X%?M> V )) , 
aea t "6V t v ' ) Q£2 i t ^ev t \ 1 / 

where r a , v = mi {se(t,T}: (s, xT Mv) ^) £ O s (t, x)} . 

3 Viscosity Solutions of Related Fully Non-linear PDEs 

In this section, we show that the priority values are (discontinuous) viscosity solutions to the following partial 
differential equation with a fully non-linear Hamiltonian H: 

g 

- 0^w(t,x) - H (t,x,w(t,x), D x w{t, x), D 2 x w{t, x)) =0, V (t, x) G (0, T) xR k . (3.1) 

Definition 3.1. Let H : [0, T] x R k x R x R k x S/s — > [—00,00] be an upper (resp. lower) semicontinuous functions 
with §fc denoting the set of all R kxk — valued symmetric matrices. An upper (resp. lower) semicontinuous function 
w : [0,T] x R k — > R is called a viscosity subsolution (resp. super solution) of (|3.ip if for any (to,Xo,ip) G (0,T) x 
R k x C 1:2 ([0,T] x R fe ) such that w(to,Xo) = (fi(t ,x ) and that w — <p attains a strict local maximum (resp. strict 
local minimum) at (to,Xo), we have 

d 

-Q^f{to,xo) -H(t , x Q , ip(t , x ),D x Lp(t ,x ),Dl<p(t 0l x Q ))< (resp. >) 0. 
For any (t, x, y, z, T, u, v) G [0, T] x R k x R x R d x § fe x Ux V, we set 

H(t, x, y, z, r, u, v) = — trace (o~a T (t, x, u, v) T) + z ■ b(t, x, u, v) + f(t, x,y, z ■ a(t, x, u, v), u, v) 
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and consider the following Hamiltonian functions: 

H_i(S) = sup lim inf H(E',u,v), i?i(H) = lim 4- sup inf lim sup H(S',u',v), 

and i?2(3) = inf lim sup H(E',u,v), H_ 2 (z.) = lim t inf sup lim inf HCE',u,v'), 

oeVE'->H ae(?t n-s-oo „eV ue<5 >„ H'G Oi (E) 

where S = (t, x, y, z, T), ^ = {ue¥: [v] y < k + ^" = {uelJ: [t*] D < k + u[u] v }, ^ = = 

l{ u=U0 }O K (v ) + 1{ U ^„ }V and V = = l{v=v }O K (u Q ) + l {v ^ Vo} V. 

Remark 3.1. When U and V are compact (say U = O k (uq) and V = K (vo)), it holds for any (u,v) G U x V 
and n G N that 0%) = (V,U). If further assuming as \W$ that for any (x,y,z) G R fc x R x R d , b(-,x,-,-), 
<r(-, X, •,•),/(•, X, y, z, •, •) are continuous in (t,u,v), one can deduce from (|2.1jl — (|2.4[) i/iai i/ie continuity of 
H(S,u,v) in S is uniform in (u,v). It follows that 



H_i(S) = sup lim inf if(E , u, u) = sup inf lim if(H , u, w) = sup inf H(S,u,v), 



and that 



Hi (a) = lim 4- sup inf lim sup i?(S , u , v) = sup inf lim lim 4- sup H(z! ,u' ,v) 

n->oo MgU wev H'eOj_ (h) «eu s'eOi (h) 

= sup inf lim H(E,u ,v) = sup inf H(B,u,v) — H 1 ('E,). 
Similarly, H_ 2 {^) = i?2(3) = inf sup H(S,u,v). 



For i = 1,2, Proposition 12.31 implies that 
it?,- ft, a;) = lim w, (t\ x) = lim Wi(t', x) and Wi(t, x) = lwaWi(t', x) = lim Wi(t',x'), V (i, a;) G [0, T] x R fc . 

t'-i-t (t',a;')-)-(t,x) (t',x')->(t,a:) 

In fact, is the largest lower semicontinuous function below w; while Wj is the smallest upper semicontinuous 
function above wi . They are also known as the lower and upper semicontinuous envelopes of Wi respectively. 

Theorem 3.1. For i = 1,2, Wi {resp. Wi) is a viscosity supersolution (resp. subsolution) of (|3.1[) with the fully 
nonlinear Hamiltonian H_ i (resp. Hi). 

Remark 3.2. Given i — 1,2 and x G R fc , in spite of Wi(T,x) = g(x), it is possible that neither w_i(T, x) nor 
uii(T,x) equals to g(x) since Wi may not be continuous in t. 

4 Proofs 

Proof of Proposition ll.lt Set f(s, uj, y, z) = l{ s >n/(s, uj, y,z), V (s, uj, y, z) G [0, T] x O x R x R d . Clearly, f is 
also a ^®^(R)(X>^(R d )/^(R)-measurable function Lipschitz continuous in (y,z). As E ( J T |f(s, 0, 0) | ds) P = 
e\( J^\f(s,0,0)\ds) p < oo, Theorem 4.2 of [7 shows that the BSDE 

Y s =rj+J f(r,Y r ,Z r )dr-J Z r dB r , sg[0,T]. (4.1) 



admits a unique solution (Y,Z) G G|([0,T]). In particular, {(Y s , Z s )} s( _ [t G G£([t,T]) solves ([Q]) . 

Suppose that (V, Z') is another solution of {T3J in G£([*, T]). Let (?', Z') G G|([0, i]) be the unique solution 
of the following BSDE with zero generator: 



Y' s =Yl- J Z' r dB r , se[0,t}. 
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Actually, Y' s = E[Y(\F S \. Then (y , Z') = { (l {s<t} Y^ + l {s > t} Y^, l {s<t} Z' a + l {a >t}Z' s ) } s£[0 T] € G F ([0,T]) also 
solves BSDE (01). So (y, Z') = (Y, Z). In particular, (Y/, Z' s ) = (Y s , Z s ), V s € [t, T]. 
Given A G F tl multiplying 1 A to both sides of (11.31) yields that 

l A Y s = l A ri+J l A f(r,l A Y r ,l A Z r )dr-J l A Z r dB r , se[t,T]. 

Let (Y A , Z A ) G G F ([0, i]) be the unique solution of the following BSDE with zero generator: 

Y S A = l A Y t - J Z A dB r , s 6 [0, t]. 



Then (y A ,Z A ) = {(l {s<t} Y A +l {s > t} l A Y s ,l {s<ty Z A + l {s > ty l A Z s )} G G F ([0,T]) solves the BSDE 



sG[0,T] 



y A = 1a»7+^ /^(r, y A , Z; 4 ) dr-^ Z A dB r , s G [0, T], 



A 



where f A (r,u>,y,z) = li r >t\lr U £ A \f(r,u>,y,z). Since {l{ r >t}nA}re[o,T] is a right-continuous F— adapted process, 
the measurability and Lipschitz continuity of / imply that f A is also a ® g§(R) ® g§(R d )/g§(M.)— measurable 



function Lipschitz continuous in (y,z). Since E 
Proposition 3.2 of [7 yields that 



(; T |/ A ( s ,o,o) 



ds 



< E 



(; t T |/( s ,o,o)|d s ) p 



< oo, applying 



E 


1 A sup \Y a \ p 


< E 


' sup \yf\ p 


<C(T, Pn )E 


Uv\ p + 


(jf |/a(s,0,0)|o? S ) P 




- se[t,T] 




L se[o,T] 









C(T,p,j)E 



a \t)\ p +1a( [ T \f(s,0,0)\d s y 



Letting A vary in Ft yields (|1.4[) . 



□ 



Proof of Proposition rOI (1) Set (Y, Z) = (Y 1 - Y 2 , Z 1 - Z 2 ), which solves the BSDE 

Y s =m-V2+ f 7{r, Y r , Z r ) dr- f Z r dB ri s G [t, T], 



(4.2) 



where f(r,cj,y,z)^f 1 (r,Lu,y+Y 2 (Lu),z + Z 2 (io))-f 2 (r 1 Lj,Y 2 (Lu),Z 2 (iu)). Clearly, /is a ^®^(R)(g>^(K d )/^(R)- 
measurable function Lipschitz continuous in (y, z). Suppose that E ( |/(s, 0, 0) \ds) P =E (J t T |/i(s, Yj 2 , Z 2 ) — 

f 2 {s,Y 2 , Z 2 )\ds) p < oo for some pe(l,p]. Since G F ([t, T]) G G F ([i,T]) by Holder's inequality, applying Proposi- 
tion [O] with p = p shows that (Y,Z) is the unique solution of BSDE (t, r\\ — rj 2 , f) inG^([t,T]) satisfying 



E 



sup \Y s f 

Ls£[t,T] 



< C{T,p,i)E 



\m-m\ p + { f T \f(s,o,o)\ds) P 



P— a.s., 



which is exactly (|1.5|) . 

(2) Next, suppose that rji < (resp. >)rj 27 P— a.s. and that Sf s = fi(s, Y 2 , Z 2 )-f 2 (s 7 Y 2 , Z 2 ) < (resp. >) 0, dsxdP-a.s. 
on [i,T] x ft. By (|2~4j) . 



a, = 1 



{n/o} 



— ^ ^ -€[-7,7], s6M] 



defines an F— progressively measurable bounded process. For i = 1, • ■ ■ , d, analogous to process a 

,— — —yj { s .\\.\z; .■■■./.. ./.: .■■■//.: )) 

-h(s, y 2 , (z 2 <\ ■ ■ , z 2 /, zy+\ ■ ■ , zm)) e [-7,7], »e[t,r] 
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also defines an F— progressively measurable bounded process. 
Then we can alternatively express (|4.2j) as 



F s = 771-772+/ (a r Y r + b r -Z r + Sf r )dr- Z r dB r , s G [t,T 



Define Q s — exp { f* a r dr — | J t s |b r | 2 dr + J s b r <iB r }, s G [i,T]. Applying integration by parts yields that 

pT pT pT pT pT 

Q s Y s =QtYt+ Q r (a r Y r + b r - Z r + 5f r )dr— / Q r Z r dB r — Y r Q r a r dr— Y r Q r b r dB r — Q r b r -Z r dr 



^(Z r + Y r b r )dB r , P— a.s. 
One can deduce from the Burkholder-Davis-Gundy inequality and Holder's inequality that 

l-T 



(4.3) 



E 



sup 

.se[t,T] 



Q r (Z r + Y r b r )dB r 



<c E 
<co[E 



(J Qrfc 



r b r + Z r \ 2 dr 



<c E 



sup |y r |+( / \Z r \ 2 drY 
se\t,T] Wt ' 



SUp \Q r \ P ( 



^" r llcf.([t,T]) + ll^Hnra.P 



Hp P ([t,T],K d ) 



(4.4) 



where p = ^zy- Also, Doob's martingale inequality implies that 



E 



SUp \Q r \ P 

•«e[t,T] 



<Co£ 



exp < p / a r <ir 



F 2 -i 
2 

^2 r T 



\b r \ 2 dr- 



2 fT 



|b r | dr+p b r dB. 



<c exp{p 7 T+^y^7 2 T}£; cxpj-^ \b r \ 2 dr+p£ b r dB r ^ = c exp {p 7 T+^y^ 7 2 T} 



which together with (|4.4[) shows that { /^Qr^rbr + Z^eLEv}^^ T j is a uniformly integrable martingale. Then for 
any s G [t,T], taking 22[-|.F s ] in (j473|) yields that P-a.s. 



,Y, = E 



Qrim - m) + / QrSfrdr 



< (resp. >) 0, thus Y s < (resp. >) 0. 



By the continuity of process Y, it holds P— a.s. that l^ 1 < (resp. >) Y 2 for any s G [t, T]. □ 
Proof of Lemma [HQ It suffices to prove for W t -controls. Let s G [t, T] and C7 G ^(U) . Since [t, r [, [r, T] G 5*, 
we see that both £>i = [t, r[ n ([*, s] x ft) and £> 2 = [r, Tj n ([i, s] X ft) belong to ^([t, s]) ® J" s . It then follows that 

{(r,u})e[t,s\ x ft : [j, r (u)GU} = {(r,o))€Oi : ^ (w) G 17} U {(r,w)eP 2 : fi 2 r (u;)eU} 

= (t>i n {(r,uj)e[t,s\ x O : ^(w)gC7}) U (v 2 n {(r,w)e[i,s] x ft : /^ 2 (cj)et/}) G^(M) ® F s , 

which shows that the process fj, is F— progressively measurable. 

For i = 1,2, suppose that Ef t [/4]**ds < 00 for some qi > 2. One can deduce that Ej t [fj, r ]^ q2 dr < 

E^l]^dr + Ejf[^]^dr< 00. Thus M e □ 
Proof of Lemma 12. 2[ Both {A*'^'"} ,, g j ( T j and {^ta's 1 ' 1 '} ae \ t jn satisfy the same SDE: 
X s = £ + J bt^(r, X r ) dr + J X r ) dB r , s G [t, T], 



(4.5) 



A 



A 



where b^ u (r,Lu,x) = l {r<T ^ } b^'"(r,uj,x) and a^' v (r,u),x) = l{ r<T ( w )}cr Al ' l/ (r, w, x), V(r,u;,a;) G [t,T] x ft x R fe . 
Like fe^ 1 ^ and a^' v b$' v is a 3?®@(^ k ) / 3§{R k ) -measurable function and cr^^ is a ^®^(R fc )/^(M fexd )-mcasurable 
function that is Lipschitz continuous in (y, z) with coefficient 7 and satisfies 



E 



U \br(s,0)\ds) 2 + ( f \ar{s,Q)\ds) 



< 00. 
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Thus (|4.5p has a unique solution. It then holds P— a.s. that 



— -A — a e 



Vs G [i,T] 



(4.6) 



One can also deduce that 



a tAs _a tVs 



Multiplying 1 A on both sides yields that 



b(r,X t r ^"^ r ,v r )dr + <r(r,Xp*'"''' n r ,v T )dB r , s G [t,T]. 



X s = 1 A (X<>^- .V 



r As 



/TVS pTV S 

l A b(r,X t r ^",n r) v r )dr + J lAO-^X^^fir^^dBr 

J l {r > T} l A b(r,X r + X i ;if u ,fi r ,v r )dr + J^ l^ r > T yl A a(r, X r + X^ff'", fj. r , v r )dB r , se[t,T}. 



Similarly, we see from f|4.6[) that 



Af s = l A (X«* ? -X*'|f' J7 ) = / l {r > r} l A 6(r,A' r +X*^' K ,/i r ,iv)dr+/ l {r > T} l A a(r, * r +X. 



rAr ifn 



Vr\dPt r 



= J l{ r > T yl A b(r, X r + X^f'", fi r ,u r )dr + j l{ r > T yl A a(r, X r +X*if' v , fj, r , v r )dB r , s G [i,T], 
To wit, X,X e C|([i,T],R fc ) satisfy the same SDE: 

X s = f b(r,X r )dr+ f d(r,X r )dB ri s G [t,T], (4.7) 



where 6(r,w,a;) = l{r>r(u ) )} 1 {«eA} 6 ( r 5 » + 4Af'"( w ). Mr(w), ^vM) and ?(r,a;,a;) = I^tH} 1 !"^} "^^ + 
X^f' 1 '(w), Hr(u}), v r {u))\ V(r,w,x) G [i, T] x fi x M fc . The measurability of functions 6, /i and ^ implies 

that the mapping (r,u>,x) — > b(r,uj,x + X t T if' l, (cj),fi r (pj),v r (u})) is 9> ® 3§{M. k )/3§(M. k ) -measurable. Clearly, 
{l{ r >T}nA}r£[t,T] is a right-continuous F— adapted process. Thus 6 is also & <g> ^(R k )/M(R k ) -measurable. Simi- 
larly, a is & ® ,^(M fc )/^(R fcxd ) -measurable. By (pT2]) , both & and cr are Lipschitz continuous in x. Since 



A 



E 



(/ |S(r,0)|dr) 2 + ( / |a(r,0)|dr) 



< c + c P 



+ c p/ (Mu+H')^< 



by (|2T]) . and Holder's inequality, the SDE gj]) admits a unique solution. Hence, P(A? S = X s , Vs G [t, T]) = 1, 
which together with (|4.6p proves (|2.7|l . □ 

Proof of Lemma For i = 1,2, let Qi = (t,&, n,v) and set (F l ,Z') = (V e * (T, .g^ 1 )) , Z e * (P, . 
Given pG (l,p], (12 .4[) and Holder's inequality show that 



E 



f? 1 (p T^r)— f^ 2 (p > %r) I ^ S 

Then we can deduce from (11.51) that 



''1 



< C pE 



sup 

se[t,T] 



IX® 1 — X® 2 1 p 



<c^ E 



sup |Xfi-XM 
.se[t,r] 



< oo. 



sup \Y}-Y*\ v \F t 

sG[t,T] 



< cpE 



< cpE 



g(Xp)-g(X^)\ p + / \f^(r,Y r 2 ,Z 2 r )-f^(r,Y r 2 ,Z 2 r )\ p ds 



sup 

se[t,T] 



P-a.s. 



Then a standard a priori estimate of SDEs (see e.g. [TH1 pg- 166-168] and [201 Pg- 289-290]) leads to that 



< |£i-&l p , P-a.s. 



p 


sup i^-^r 


Pi 


< c ? P 


sup \Xfi-X?*\* 


Tt 




-*6[t,T] 




s£[t,T] 





□ 
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Proof of Proposition l27lt Given /3 s 58*, (|1.4I) and Holder's inequality imply that 

rtiE \ g (x%*>"°> fl <*>))\ p + f \f T x ' UaMuo \ s ^,Q)\ p ds 



r < e 


sup 




.se[t,T] 



p 









P-a.s. 



(4.8) 



Since [(/3(uo)) ] v < /c, ds x e?P— a.s., the 2 /p— Holder continuity of 5, (|2.3j) . (|2.4[) as well as a conditional-expectation 
version of (12.51) show that P— a.s. 



P t 

<c K + c |x| 2 . (4.9) 



j(t,x,u ,P(u ))\ p <co+coE \x¥> u °>^ | 2 + / (|X^«^)| 2 +[(/?M)j')^ 

J^t,£C,MO,^(Mo) I 



< C K + C P 

So it follows that 



sup 

sG[t,T] 



P 



<c K + c |o;| +c P 



[(0(«o)).]> 



P 



wi(t,x) > essinf j(t 7 x, ito, /3(uo)) > — c K — co|x| 2 / p , P— a.s. 



A 



We extensively set ip(t,u)=v , V(t,it) S [0,T]xO K (u ), then it is ^([0,T])x^(U)/^(V)-measurable. For any 
yit S , the measurability of function %p and process /i implies that 



(pV(m)) s = V>( s >Ms)> sS[t,T] 



(4.10) 



defines a V— valued, F— progressively measurable process, and we see from (A-u) that [(/3^(/u)) s ] v < K + n[ii s ] v , 
VsS[i,T]. So^,(/i)sV t . Let //,/i 2 sW t such that fj, 1 =fj, 2 , dsxdP— a.s. on [t, r[ U [r, T]^ for some r S <S t ,T and 
AsP r . It clearly holds dsxpP-a.s. on [i,r[U [t,T]a that 

{Mi* 1 )), = i>(s, (il) = v(s, nl) = (Mv 2 )) s ■ 

Hence, (3^ S <B t . 

Fix a Mjj S 90 k (mq)- For any \i S W t , similar to (14.81) and (I4.9[) . we can deduce that P— a.s. 



\j(t,x,n,Mv))\ P < c E \g(X t T x >^ ) )\ p + f I/t^'^M^)^ 



< Co + cqE 

+ 1 {a^O k (u )} 

< C K + C P 



t,x,fj,,/3^(fj.) |2 



Pt 

+ / (l {/ ,. 6 o»( Uo )}|/(«,^' x, ' i,P * (/i) ,0,0,M.,«b) 



/( S ,X*^^,0,0,uj,^,^))r)d S 



P 



sup I X 

e[t,T] 



< c K + c b| +c P 



t,x,fj,,/3^,(fj.) |2 



P 



s,0,/i s , (/3 v ,(/i)) s )| ds) +(y k(s)0,Ms) (/5^(p))s) I ds) 



(4.11) 



P 



where we used a conditional-expectation version of (|2.5p in the last inequality. Then an analogous decomposition 
and estimation to (|4. 1 If) leads to that | J(i, x, /i, /3^,(/i)) | p < c K +co|a;| 2 , P— a.s. It follows that 

u>i(i,a;) < esssup J(t, x, fi, (3^(fi)) < c K + co\x\ 2 ^ p , P— a.s. 



Similarly, one has |w2(i,:r)| — c k 

+ c |x| 2 /p, P-a.s. 



□ 



Proof of Proposition [2T2t Let H denote the Cameron-Martin space of all absolutely continuous functions h S 51 



whose derivative ft, belongs to L ([0, T],R ). For any h S H, we define Th{w) = uj + h, Vu; S 51. Clearly, 7/t : f2 — > fi 
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is a bijection and its law is given by Ph = P °T h = exp { J h s dB s - \ / Q |/i s | 2 ds}P. Fix (t, a;) G [0, T] x R fc and 

set n t = {hen: h(s) = h(s At), Vs G [0,T]}. 
Fix hGTLt- We first show that 



(n(T h ),v(T h )) eU t x V t , V (/x, i/) g U t x V t . 



(4.12) 



Let^eW t . Given sg[<,T], we set Tj(D) = {(r,w)g[t,s]xQ; (r, 7fc(u>)) G£>} for any Dc [t, s] xfi. As the mapping 

Th = B+h is Ts/J-g— measurable, (4-13) 
it holds for any £ £&([t, s]) and ^4gJ-" s that 

T^xi) = {(r,w) e xfi: (r,73i(«)) G £ x A} - (£ n M) x T^A) G #(M) ® J 7 ,, 

So £ x A G A£ = {V C [t, s] x fi : Tj(D) G ^([t, s]) <g> J 7 ,,}. In particular, x G A(? and [t, s] x fi G A£. For any 
VeA^ and {2?„} neN C Ag , one can deduce that 

T s h ((M x n)\2>)={(r,w) G [t,s] xfi: (r,T^H) G ([t,«] x fi)\£>} 

= ([t,s] x n)\{(r,w) eMxfl: (r,7ii(w)) G 2?} = ([t,a] x n)\T h s (V) G a([t,a])®F at 
and T*( U X>„) = {(r,w) G [t,s] X fi : (r,%(u)) 6 U Z>„) 

= U {(r,w) G [t,s] x fi : (r,%(u)) G P„} = U T h s {V n ) G #([t, s]) ® 

i.e. (\t, s] x fi)\D, UD„£ Aj. Thus A£ is a cr— field of [i, s] x fi. It follows that 

#(M) = a{£ x A : £ G #(M), AeF s ) d A h s . (4.14) 
Given ?7 G 3$(U), the F— progressive measurability of /i and (|4.14[) show that 

V v = {{r,uj) G [t,s] x fi : pL r {ui) G U) G ^([i,s]) ® -F s C A£. 

That is 

{(r,u)e[t,a]xtl:iir(Th(w)) G C/} - {(r, w) G [t, s] x fi : (r.^H) G Z>c/} = T^Xfc) e #([*,«]) (4.15) 

which shows that the F— progressive measurability of process /i(7h). 

Suppose that E J^[n s ] 9 ds < oo for some q > 2. Then one can deduce that for any q G (2, g) 



W [ f M s (T h )]lds = E Ph [» s ]lds = E 



exp<j / h s dB s -- J \h s \ 2 ds^ j [fj, s ]^ds 



< T i exp 

< T 9 exp 

9-9 

= T 9 exp 



2(«- 


-5) 






2(g- 


5) j 






2(9- 





\h s \ z ds \E 



\hs\ 2 ds\[ E 



exp < / h s dB s — 



2(q-q) 



\hJ ds 



exp 



9-9 7o 



h,dB„ 



2(q-q) 2 J n 



\hj ds 



\h s \ 2 ds\[E [v s ] q v ds) <co. 



E\ [>,]*dfl 

(4.16) 



Hence, n(%) G U t - Similarly, v{Th) G Vt for any i/ G Vt. 

Let {^ s }se[t,Tl Dc an R. fexd — valued, F— progressively measurable process and set M s = f* $ r dB r , s G [t, T]. 
We know that (see e.g. Problem 3.2.27 of [20]) there exists a sequence of M. kxd — valued, F— simple processes 
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= Eti 1/ eff „ ,„ , l > a G [t, T] } (where * = *»<-..< i» = T and # 6 Jjn for i = 1, - • • , 4) such 

that 

P- lim / trace! ($™ - $ r ) (*$" - $ r ) T }ds = and P- lim sup |M"-M s |=0, 

where Af s " = <$>?dB s = ti( B sM? +1 ~ B sAt n). By the equivalence of P h to P, one has 

P h - Um / trace! (-1>™ - $ r )($™ - $ r ) T }ds = P h - lim sup |M™ - MJ = 0, 

or P- lim / trace! ($?(T h )-$rOft)) (*"(7" h ) -$ r (^)) T | = P- lim sup |Af?(7fc) -M. {%) |=0. (4.17) 



Applying Proposition 3.2.26 of [3U] yields that 



= P — lim sup 

n->°° s6 [t,T] 



KiTh)dB r 



$> r {T h )dB r 



(4.18) 



As h G Ht, one can deduce that 

i=l i=l 

= f]ZnTh)(B sAtt -h(s At? +1 )-B sMt +h(s At?)) = ['$?(T h )dB r , Vae[t,T\, 
which together with (|4.17|) and (I4.18|) leads to that P-a.s. 

^ M%)dB r = M a (%) = [J $ r dB r y%), a G [t,T]. 

Let (n,u)£UtxVt and set <d = (t,x,fi,v). By (|4.13[) . the process X e (7/ l ) is F— adapted, and the equivalence of 
P/i to P implies that X s (Th) has P— a.s. continuous paths. Suppose that Ej^ [/isj^ds+Ej^ [v s ]^ ds < oo for some 
q>2. A standard estimate of SDEs (see e.g. [19, pg. 166-168] and 20 pg. 289-290]) shows that 



(4.19) 



E 



sup | A 

s£[t,T] 



< c q \x\ q +c q E 



(y |&"'"(«,0)|ds) +(y |a^"(s,0)|ds) 



< cJl+|x| 9 +^ T ([M s ]^+N;)^) <oo. 



(4.20) 



sup \Xf{T h )\ q 
,se[t,T] 



< oo for any q G [2,q). In particular, A e (7/i) G 



Similar to (14. 16)) . one can deduce that E 
C|([t,T],R fe ). It follows from (|4~T§1) that 

Xf{T h )=x+J^ b{r,Xf{T h ),^r{T h ),v r {T h ))dr+(^J^ a{r, Xf ^ r ,v r ) dB^{%) 

= *+J t b(r,Xf{T h ),ix T {T h ),v r {T h ))dr+ J a(r, X®(%),» r (%l M%)) dB r , s G [t,T]. 

Thus the uniqueness of SDE (|l.lj) with parameters ®h = (t, x, fJ-(Th), "(Th)) shows that 

Xf»=Xf(%), Vse[t,T]. (4.21) 

Let (Y,Z) = (Y e (T,g(X°)),Z e (T,g(X°))). Analogous to X e {T h ), Y{%) is an F-adapted continuous 
process. And using the similar arguments that leads to (|4.15[) . we see that the process Z(Th) is F— progressively 
measurable. By (|4.20[) . g(X®) G L^(Jt), and a similar argument to (|2.8|) yields that 



E 



\f?(s,0,0)\ds 



<c q + c q E 



sup \Xf\ q + / ([^l+l^Dds 

s£[t,T] 



< OO. 



4- Proofs 



17 



Then we know from Proposition 11.11 that the unique solution [Y, Z) of BSDE(i, g(X®), /®j in G F ([i, T]) actually 



belongs to Gp ([t, T]). Similar to (|4. 16[) . one can deduce that E 

anyge[p,f). In particular, (?(%), Z(%)) eG p F ([t,T}). 
Applying (|4.19l) again, we can deduce from (|4.21l) that 



sup \Y S (%) \ q +[ // \Z s (Th)\ ds 

sG[t,T] 



2 > 



< cxd for 



y s (Th) =g(X${%))+J f(r,X?(Th)X(%)Jr(T h ),fx r (T h ),v r (T h ))dr-(^ Z r dB^\{%) 
= g{X® h )+ { f{r,Xf*X{Th)X{Th),iir(T h ),v r {Th))dr- [ Z r (T h )dB r , s e [*,T] 



Thus the uniqueness of BSDE(t, 5 (A® fe ),/| )h ) impl ies that P— a.s. 

y s e *(T,«7(X®*)) =y,(7fc), se[<,T]. 

In particular, 

J{t,x,p,v){%) =%{%) =Y t @h (T,g(X® h )) = j(t,x, fx(T h ),v(T h )), P-a.s. (4.22) 
Next, let p G *8( and define 

similar to (|4.12[) . fj,(T-h) eW ( as — /i also belongs to H. It follows that p(/j,(7~-h)) £ V t . Using (I4.12|) again shows 
that fi h (n) = P([i(T-h))(Th) e Vf Since [(P(v{T-h))) a ]y < K + Cp\)i a (T-h)] w ds x dP-a.s., the equivalence of 
P h to P shows that [(/3(/z(71/i))) J y < K + Cp\p s (T- h)] , x dP h -a,.s., or 

[(^(m)),] v = [(^(M7"-ft))('^)) s ] v <« + ^K] u , dsxdP-a.s. 

Let /U 1 ,/^ 2 G such that /i 1 = /i 2 , ds x g?P— a.s. on [f, t[ U [t, T]^ for some r G iSj,t and A 6 J r . By the 
equivalence of P_/j to P, /i 1 = /i 2 , (is x c?P_^— a.s. on [i, r[ U [r, T]a, or /j, (T-h) — l^iT-h), ds x dP— a.s. on 
[t, r(71ft)[U |r(71^), T]r h (A)- Given s G [i, T], similar to (I4.13[) . T-h is also T s jJ- s — measurable. It follows that 

{T{T- h ) < s} = {oj : T- h (u>) G {r < s}} = ^({r < s}) G .F, 
and %(A) R {r(T-/0 < s} = T^ 1 (A) n T^ 1 ({r < s}) - Tr^n {r < s}) G P s , 

which shows that t(71/ 1 ) is an F— stopping time and Th(A) G J- T ij-_ h y As t < r < T, P— a.s., the equivalence 
of P_/j to P shows that i < r < P, P-^ — a.s., or f < r(71fc) < T, P— a.s. So t(71/,) G iSt,T) and we see from 
Definition O that P(y 1 (T- h )) = p(fX 2 (T-h)), ds x dP-a.s. on [t,r(71/,)[U [^(T-h), T] Th (A)- The equivalence of 
P, to P then shows that p(^{T- h )) = P([i 2 (T~h)), ds x dP.-a.s. on [t,r(71/ l )[U [r(71 fc ),T] rh(A) , or = 
/3(ti 1 (T- h ))(T h )=l3(tJ. 2 (T-h))(Th) =Ph(fJ?), ds x dP-a.s. on [t, r[U [r,T] A . Hence, & G «8 t . 

Set I(t,x,P) = esssup j(t, x, n, /3(/x)) . For any /i G W{, as I(t,x,p) > j(t,x,(j,,p((j,)), P— a.s., the equivalence 
of Pft to P shows that I(t,x,(3) > j(t,x, n, , Pfe— a.s., or 

7(t, x, /3)(Th) > J(t, x, (i, 0(ji)) (%), P-a.s. (4.23) 

Let £ be another random variable such that £ > J(t,x,(j.,(3(fj,))(7~h), P— a.s., or £(T-/i) > J(t,x, /i, /3(/i)J , P^— a.s. 
for any /i G W 4 . By the equivalence of P/j to P, it holds for any /i£W t that £(T-h) > 7(i, a;, fi, flip)) , P— a.s. Taking 
essential supremum over G Ut yields that ^(T-h) > I(t,x,f3), P— a.s. or £ > I(t,x, /3)(Th), P-h~ a - s - Then it 
follows from the equivalence of P_^ to P that £ > I(t, a;, f3)(Th), P— a.s., which together with (I4.23[) implies that 

esssup (j(t,x,n,P(n))(%j) = I(t,x,P)(%) = (esssup J(t,x, ^, P(p)))(%), P-a.s. (4.24) 
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Similarly, essinf ( I(t,x,p)(Th) ) = ( essinf I(t, x, 0) ) (%), P-a.s., which together P~2"2l and (|4~2"4l yields that 

^■Bj V / V i3e<B t ) 

wi(t,x)(%) = (essinf lit, x, f3)) (%) = essinf ( I (t,x, = essinf esssup [Jit, x, p, /%)) (%)) 

= essinf esssup J(t, x, /i(Th), Ph(niTh))) = essinf esssup Jit, x, \i, f3h{n)) 

= essinf esssup j(t, x, \i, /3(/i)) — wi(t, x), P—a.s. (4.25) 

where we used the facts that {^(Th) :/i€Mt}=W f and {(3^ : (3 E <Bt} = <8 t . 

As an Ft— measurable random variable, w\{t, x) only depends on the restriction of oj E f2 to the time interval 
[0,t]. So (|4.25j) holds even for any h E H. Then an application of Lemma 3.4 of [TO] yields that w-\ it. x) — E[wi(t,x)], 
P—a.s. Similarly, one can deduce that w 2 (t,x) = E[w2(t, x)}, P—a.s. □ 

Proof of Proposition [HU Let t E [0,T] and x 1 ,x 2 eR k . For any (j3,fi) e<S t xU tl (j2TT3|) implies that 

P 

j(t,;ri,/i,/3(/i)) - j(t,X2,H,P(n)) < c \x 1 -x 2 \ 2 , P-a.s. 

which leads to that 

J (t, X2,fi,i3(fi))-co\x 1 -x 2 \ 2/p <J(t, xi,n, 0(h)) <J(t, x 2 ,(jl, P{p)) +c |a;i -x 2 \ 2/p , P-a.s. 
Taking essential supremum over (i £l4t an d then taking essential infimum over /3 E *8j yield that 

Wi(t,X 2 ) - Cq\xx—X 2 \ 2 ' P < Wi(t,Xi) < Wi(t,X 2 ) + Cq\xi-X 2 \ 2 ^ P . 

So \w\(t,xi) — wi(t,x 2 )\ < cq\xi—x 2 \ 2 / p . Similarly, one has \w 2 (t,xi) — w 2 (t,x 2 )\ < cq\x\ — x 2 \ 2 l p . □ 

Lemma 4.1. Given te [0,T], let {A t }™ =1 C J" t be a partition of Q . For any , i^)}™ =0 C L 2 (J" t , R fc ) xWj x Vt, 

if £o = X)"=i l^iCi; P—a.s. and if i^P,v°) = (X)"=i l^i/A S™=i lAj^ 1 )) x dP—a.s., then it holds P—a.s. that 

n 

x t,fo,/*V° ^ i , .V;- •" " . Vs E [t,T]. (4.26) 

i=l 

Moreover, for any {{Ti,i]i)}f =0 ^ ^t.T xL p (J-V) smc/i i/iai eachr/i is T Ti — measurable, z/rp = y^j_ ] l Ai Ti, P—a.s. and 
if rjn = yi,— i l^i^i; P—a.s., then it holds P—a.s. that 

n 

y«o,„V°( T0)??0 ) =^i Ai yU*^^( r . )7? .) ) V s e [t,T]. (4.27) 
i=i 

In particular, one has 

n 

J{t,^,fi ,u°)=J2 1 A i J{t^uH i ^ i ), P-a.s. (4.28) 
Proof: Let (X^F*,^) = (X*-^*'"', y^*^^ 774), Z^'^'-"'^*. %)) for « = 0, • • •, n. We define 

n 

y, Z) = £ (X\ Y\ V) E C|([t, T],R k ) x G&([t, T]). 

i=l 

For any s E [t, T] and i = 1, ■ ■ •, n, multiplying l Ai to SDE (jl.ip with parameters (t, £i, //, ^ l ), we can deduce that 
l Ai X l s = l Ai Zi + l Ai J b{r,Xi,^ r) vi)dr + l Ai j X l r , ^^1) dB r 

= l Ai ii + J -i. Ai b(r,Xly r ,vl)dr + J l Ai a(r, X l r , //*, 1/*) c?S r 

= 1 A^ l + l Ai b{r,^^u° r )dr + J l Ai a(r,X r ,^,u°)dB r 

= l Ai £i + l Ai f b(r,X r ,n° r ,Vr)dr + l Al f a(r,X r ,n r ,u°)dB r) P-a.s. (4.29) 
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Adding them up over i G {1, • • •, n} and using the continuity of process X show that P—a.s. 

X. = & + J b(r, X r , dr + j a(r, X r , fi, v° r ) dB r , s G [t, T]. 

So A" = X*'^'^ -" , i.e. dH26j). 

Next, for any s G [£, T] and i = 1, • • •, n, similar to (I4.29p . multiplying 1a { to BSDE( t, r?i, ) yields that 



i A X = lAiVi+Utj i {r<Ti} /(r,x;,r;,z;, M ;,z/;)dr-i A( y z;dp r 

= lAiTji+lAi J l{r<T }f(r,X r ,y r7 Z r ,n°,i>°)dr-l Ai J Z r dB r . 
Adding them up and using the continuity of process y, we obtain that P— a.s. 

y s =Vo+J l { r <ro }f{r,Xl>^°> u \y r ,Z r ,$.,v r )dr- j Z r dB r , a€[t,T\. 

Thus (y,Z) = {Y t ^°' v \T , m ),Z t ^°^{T^r, )), proving fgTQ. 

Taking n=T and rj t = g(Xj,^'^ y ) G L/^r) for i = 0, • • ■ , n, we see from (|PB)t that 

n n n 

E U»h = E U<?(^ ,,MV ) - E IaMXt '" '" ) = 9(X^ ' u0 ) = Vo, P-a-8. 

i= 1 i= 1 i—l 

Then (pT2Tl) shows that P-a.s. 

n n 
i=l i=l 

Lemma 4.2. Let (t, x) G [0,T] x R k and e > 0. for any /3 G 2J t , there exist {(A n , /j™)} n C X W t wit/i 
lim f 1a = 1, P—a.s. such that for any n G N 

J(t, x, /A /?Gu n )) > (-^(*) 2; > ^) - e) A £~\ P-a.s. ok A n , (4.30) 



where lit, x, /3) = esssup J(i, x, /i, /3(/i)) . 

Similarly, there exist { (A n , f3 n )} M C J( x <B t wi£/i lim t 1.a„ = 1. P—a.s. such that for any n G N 

J ntN n— >-oo 

wi{t,x) > I(t,x,j3 n ^ — e, P—a.s. on A n - (4-31) 

Proof: (i) Let /3 G *B t . Given /x 1 ,^ 2 G £/t, we set A = { cc, /x 1 , Z?^ 1 )) > J{t,x, fi 2 , (3(fi 2 ))} G J*t and define 

/x s = Ia^I + s £ \PiT]. Clearly, /x is an F— progressively measurable process. For i = 1,2, suppose that 

£/ t T [/4]u ds < 00 for some 9i > 2 - xt follows that B jf A92 ds ^ ^if [a4]u A<?2 ds + s /t T [^]u A<?2 ds < °°- 
Thus, /ieWf. As /x = /1 1 on [t, T] x A, taking (r, A) = (i, A) in Definition [2^21 yields that @(p) = Pip 1 ), ds x dP-a.s. 

on [t,T] x A. Similarly, /3(/x) = /3(/x 2 ), ds x dP-a.s. on [i,T] x A c . So /3(/x) = Ia/?^ 1 ) + l^/3(/J 2 ), x dP-a.s. 
Then (|4~28| shows that 



J(t, x, 0(jt)) = l A j(t, x, ^^ip 1 )) + l A 'J(t, x, /x 2 , /V)) = ■/(*, I, f 1 iPif 1 )) V J(t, x, /i 2 , /3(/i 2 )) , P- 



a.s., 



which shows that the collection {J(t, x, /i,/3(/x))} gW is directed upwards. In light of Proposition VI-1-1 of |23j . 
there exists a sequence {/x l } igN C U t such that 

/(*, x, (3) — esssup J(i, x, = lim | J(t,x,jl\ fiifi 1 )) , P-a.s. (4.32) 
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So I(t,x,(3) is T t — measurable. 

For any i e N, we set A, = {j(t,x,JP, ft/?)) > (l(t,x,/3)-s) Ae" 1 } G T t and A, = A,\ U Aj G T t . Fix neN 

and set A n = U A G P f . Similar to /i, /x n = X)2=i Ij-M* + Ia^M 1 also defines a W t — process. For i = 1, • • • ,n, 

as /i" = jt? on [t,T] x A, taking (r, A) = (i, A) in Definition 12.21 shows that 0(/x n ) = 0(/?), ds x dP— a.s. on 
[t,T] x Ai. Then (l43g| implies that 1^. j(t, x, fi n , 0(m™)) = 1^ J(i, x, /?, /3(7?)) , P-a.s. Adding them up over 
iG{l, • ■ -,n} gives 

n 

l^J^/Aft// 1 )) =^l li J(t,x,/lS/3(/?)) > 1 A „ ((/(*, a;, 0) -e) Ae" 1 ), P-a.s. 

i=l 

Let A/" be the P-null set such that (ET521 holds on J\f c . Clearly, {lit, x, 13) < oo}nA/" c C U { j(t, x, /?, ft/?)) > 
I(t,x,(3) - e} and {/(t,a;,/3) = oo} f)M c C J(i,x, ^,00?)) > e" 1 }- It follows that 

A" c G U (\j(t,x,Jl\l3(u t )) > I(t,x,P)-e\u\j(t,x,Ji\l3(u t )) > e- 1 }) = Ui s = Ui,= U A„. 
So lim t 1a„ = 1, P-a.s. 

(ii) Let ft, ft G *8t. We just showed that 7(i,x,ft) and x, ft) are P t — measurable, so A = {P(i,x,ft) < 
7(i,x,ft)} belongs to P t . For any y&U t , similar to p, above, ft(/i) = 1.4 o ft(^i) + l_4cft(/i) defines a Vt— process. 
For i = 1,2, letting > be the constant associated to ft in Definition 12.21 (i). we see that 

[(&>(M)) s ]y = lA, [(A (/*))«] y + Us [C8a(M)).] v ^ K + (GiVC 2 ) [/*.]„ , dsxdP- a.s. 

Let /i 1 , /i 2 G such that fi 1 =/i 2 , ds x dP— a.s. on [£, r[ U [r, T]^ for some r G ft^T and A G J>. By Definition 
EH MM 1 ) = 0i(m 2 ) and ft^ 1 ) =ft<y), dsxdP~a,.s. on [£, r[ U [r, T] A . Then it follows that for dsxdP-a.s. 

{8,w)e[t,T[\J[T,T\ A 

(j3 (^)) s (w) = l Ao (M^)) s ^) + U % (M^))^^ (4.33) 
Hence, ft G *Bf 

For any /i G (|4.28p shows that J(i, x, /t, ft(/i)) = l Ao j(t, x, fi, 0i(/*)) + 1^<^(*, x, /t, 02(/O) , P— a.s. Then 
taking essential supremum over /igWj and using Lemma 12.41 (2) yield that 

I(t, x, ft) = 1a /(*, x, ft) + l.*. J(i, x, ft) = I(t, x, ft) A I(t, x, ft), P-a.s. 

Thus the collection {I(t, x, 0)}/3e93* is directed downwards. By Proposition VI-1-1 of [23] again, one can find a 
sequence {0i} igN C 58 1 such that 

Wi (t, x) = essinf I(t, x, 0) = lim 4- l(t, x,ft), P— a.s. (4.34) 

/3G25 t i— >oo 

For any i G N, we set A = {l(t, x,ft) < Wi(t, x) + e} G Pt and A: = A\ U A e Fix neN and set 
Ai = ,U A £ Pt- For any fJb&Uu similar to /2 above, 0«(a*) = X)"=i 1^ 0i(A*) + l^l^0i(/ i ) defines a Vf— process. For 

i = l, • ■ •, n, let Cj > be the constant associated to ft in Definition 12.21 (1). Setting C n =max{Ci : i = 1, • • -, n}, we 
can deduce that 

n 

[(0r l (M)),] v = ^l^[(ft(M)) S ] v + l^ l [(ft(M)),] v <K + CnH, ^ X dP-G.S. 

2=1 

Let fJ. x ,fi 2 G^ t such that fi 1 =fi 2 , ds x dP— a.s. on [t, r[U [r, T]a for some r G S t ,r and A G T r . Similar to (|4.33l) . 
it holds for ds x dP-a.s. (s,w) G r[ U [r, T]a that 

n n 

(ft^M^l^ftOi 1 ^ 

i=i i=i 
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So (3 n G Q3 t . For any fi G W t , applying (|4.28p again yields that \ An J(t, x, \i, /? n (/i)) = Yh=i 1 A l J ( t ' x ' J"> , 
P— a.s. Taking essential supremum over fi £lAt and using Lemma 12.41 (2) again yield that 

n 

l^t„i"(t,a;,/3 n ) = ^2l^.l(t,x,0i) < l An (wi(t, x) +e), P-a.s. 



Let jV be the P— null set such that (|4.34l) holds on 7V C . As |iDi(i, x)\ < oo by Proposition 12.11 and Proposition 
we see that U A n = U A = U A = AK 

n£N i<EN i6N 



□ 



Proof of Theorem I2.lt 1) For any m G N and (s,j) G [i, T] x R fe , the continuity of cf>, 4> shows that there exists 
a <5™ G (0,1 /m) such that 

\<t>tfj) - 0( s , f )| + |^( S ',r') - £(s, f )| < 1/m, V(s',r')G [(* - ) V f, (a + <5") A T] xO s »(?). (4.35) 
By classical covering theory, {D m (s,y) = (s — <5™j,s + <5™ r ) x 0^ (y) } , . _ t _ RJk has a finite subcollection 



{S) m (s i ,a; I )}2! , J to cover 0«s(i, x). For i = N m , we set U = (s< + £™, Xi ) A r 



A 



la) Fix (/3,/i) G 93 t x Z// t and simply denote r^ jM by r. By Lemma I2TT1 p, s = l{ s<T }/i s + l{ s > T }ito, s G [t, T] defines 



a lit— control. We set 9 = (t, x, fi, and 6 = (t, x, ju,/3(/z)). 

For any s € [t, T) and ju € 14, the process (/iffi s ju) = l{ r<s }/I r + l{, r > s }£t r , r G [t, T] is clearly F— progressively 
measurable. Suppose that P [fx^ds + E jJ[JJ, s ]^ds < oo for some q > 2 and g > 2. It follows that 

eJ\^® s H) r ]t'dr < Ej\^dr + Ejj^dr < oo. 
Thus, ju © s jus G Then we can define 

TO)= [/3(a2© s m)] S e V s . (4.36) 

For dr x dP— a.s. (r, w) G [s, T] x fi, 

[(/3 s (^)) r (w)] y = [(/3(^ ffi s ZQ) r (w)] v < k + [(/2 ® s flr(u)] v = K + C [Mu)] v - 

Let jS 1 ,// 2 eM s such that JS 1 = J1 2 , dr x dP— a.s. on [s, £[U [C, P]U for some £ GiS Sj t and J^. Then /2 © s pt 1 = 
£© s ^ 2 , drxdP-a.s. on [i, C[ U [C, T]a- By Definitional /^©sM 1 ) = /3(/2© s ^ 2 ), dr x dP-a.s. on [i, C[U |C T]a. 
It follows that for drxdP-a.s. (r,w) G [s,([U[(,T] A 

(/3 s (m 1 )),^) = (/J(£ © s M 1 )) r (^) = (/?$ (b s TJ))M = (0V))»- 



A 



Hence, s G«B s . 

Fix mGN with to > =sup{|(^(s,j:)| : (s,y) eO J+3 (t,i)n([t,T] x R fc )}. Given i = l, •• -,N m , (IQOl shows 
that there exists {(A^ l ' l , / u^ i,l )} ngN CJ 7 i i xW (j with lim t 1 A ™,» = 1, P— a.s. such that for any n G N 



./(*,, a*, /CSj^OC*)) > (l(U,Xi,^) -1/m) Am, P-a.s. on ^ 
As r e (T, 5 (A®)) gC£ ([t,T]), the Monotone Conver gence Theorem shows that 



(4.37) 



lim | E 



L (iC .*).( sup 



\P 
<5j 



So there exists an n(m, i) G N such that P 

A / m.7. \ n ^T-m A 



< m-^+^/C 1 . Set 



(m,o; V se[t,T] 

(A?,tf) = (C(li)>/*n(lo) and ^ = ^ T '^°) G ®-( s -^)\ U.Sm^,^)} G P T . As 1™ C {(r,A T e ) G 
£> m (s l ,x l )} C{r<ii}, we see that Af = Af n {rKijGPt, 
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By the continuity of process X e , (r, Xf) G dOs(t,x), P—a.s. So {^4™}£i forms a partition of 7V C for some 
P— null set A/". Then we can define an F— stopping time r m = X)i=i ~^A m *» + l-V^ 1 > t as well as a process 

/C = 1 {s<r m }^s + l{s>r m } 1 A™nA™(^r) ;j + 1 A m %^j 

i=l 

= LaJ, + ^ i irnAr (l {s<t , } jl s + l {s > ti) (^) s ) , Vse[i,T], 

where A m = I U (Af \Af)J UAA. 

Let sG[i,T] and J7e^(U). As [t,r[G^, we see that P= [t, r[n ([*, s]xO) G^([t, s])®.F s . The F-progressive 
measurability of /I then implies that 

e£/}e^(M)<g>.F s . (4.38) 

Given i = l,---,N m , we set A™ = (Af\Af) UAf E T u . If s < both £>f = [T,T] ImnAm n ([i, s] x 0) = 

( [U , T] n [i, s}) x (If n A™) and Vf = [r, T]^™ n {[t, s] x fi) = ([t 4 , T] n [i, s]) x A™ are empty. Otherwise, if s>U, 
both P|" = [ti,s] x (1™ n Af) and Vf 1 = [U, s] x~A™ belong to @([ti, s]) <g) T a . Using a similar argument to (|Q5)| 
on the F— progressive measurability of process //" yields that 

{(r, lj) E V? : ^(w) G C/} = {(r, w) £ X>f : (f*r)» Gt/} G^(fo,s]) C#([t, *]) ® J, 
and { (r, w) G V? :^{lu)eU} = { (r, u) E V? : ju r (w) G £7} G #([t, s]) ® T a , 

both of which together with (j4.38[) shows the F— progressive measurability of /i m . For i = 1, • • •, iV m , suppose that 
[(' u i")r]u ^ r< °° f° r s °me > 2. Setting = q A min{qi : i = 1, ■ • •, AT m }, we can deduce that 



2Sjf \j?]%dr<Ej t W£dr + J>jf [(/C)X* * <oo. 



Hence, ^ m ElA t . 

Next, we set 8 m = (i, ir, /j m , /3(fi m )) ■ As /j m =/i = /i on [t,r[, taking (r,A) = (r, 0) in Definition l2~2l shows that 
/3(/j m )=/3(/j), ds x dP-a.s. on [t, r[, and then applying pT7|) with (r,A) = (r, 0) yields that P-a.s. 

Xf m = Xf E Og(x), Vs G [t,r]. (4.39) 

Thus, for any 77 G L P (J>), the BSDE(i, rj, /® m ) and the BSDE(i, 77, /®) are essentially the same. To wit, 

(Y°~ (r, „), (r, „)) = (y (r, 77), Z e (r, 77)) . (4.40) 

Given A 6 Jj, we see from (|4.39|) that 

IaX^s = 1aX^ s + 1 a [ TmAS b(r,X?™,^,(p(p m )) r )dr + l A P * a(r, Xf™, tf t (^ m )) r )dB r , 

JtAs K 7 JtAs V 7 

fTmAs pT m As 

= 1 A X? AS + l A b{r,Xf-\ rl u ,{^ m )) r )dr+ l A cr{r, Xf™ Ar , u , (p((i m )) r )dB r , sE[t,T}. 



It follows that 



re[t,s] 



1 A sup \X?™ Ar -X? Ar \ < / l A |&(r,A^" Ar , Wo ,(/3( M m )) r )|dr 



+ sup 

re[t,s] 



lAa(r',Af;; Al ,„ Uo ,(/3(M m )) r 0^' 



iG[t,T]. (4.41) 
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Let C(k,x, 5) denote a generic constant, depending on K + |a:|+<5, C x s , T, 7, p and |g(0)|, whose form may vary 
from line to line. Squaring both sides of (|4.41[) and taking expectation, we can deduce from Holder's inequality, 
Doob's martingale inequality, (|2.1I) . (12.21) . (|4.39[) and Fubini's Theorem that 



E 



1a sup \X T j^ Ar —X rAr \ 

r£[t,s] 



<AE / l A \b(r,X?™ Ar ,u , (f3(n m )) r )\ dr+8E / l A \a(r,X?™ Ar ,u , (/3( M m )) r ) | V 

JtAs JtAs 

12 7 2 P / l A (\X^ Ar -X^ r \^Xf Ar \ + l^(P(^)) r ]) dr 

C(k, X, 5) 



< 



r'e[t,r] 



<24 7 ^ / E 1 A sup \X^ Ar ,-Xf Ar ,\ 



dr- 



-P(A), Vse[t,Tl 



(4.42) 



where we used the facts that 



r m -T<J2 1 Af 2 Cxi < — . P " a - S - and [(P0* m )) r ]v — drxdP- a.s. on [r, r m [. (4.43) 



i=l 

Then an application of Gronwall's inequality yields that 

1 SUp I r m Ar ~ A rAr| 
re[i,a] 

r0 



E 



m 



In particular, £7 



1^4 SUp 

rS[t,T] 



sup X 

re[t,T] 



< ^p*ip(A). Letting A vary in J" t yields that 
C(k, a;, (5) 



e I 

rAr 



< 



P-a.s. 



(4.44) 



Let i = 1, • • • ,N m and set 9^ = (U,Xf. m , [(J. m ] u , [P{^ m )] u ). We see from (JUD that X® m = X®™, P-a.s. It 
then follows from (|2 . 12[) that 

K t f»(T, S (Af»)) = Y t f(T,g(X^)) = Y°%(T,g(X°")) = .7(0*), P-a.s. (4.45) 

Similar to /i m , 

1 { S <r m }A* s + l{ s >r m }(ll r n J 4™ (/C) s + ^AfnA™)^) 

also defines a W t -process. As [i m = /if on [t, r m [ U [r m , T] ImnAm and V? l = 'P®U^ on (Mi)x^) U ([ii,T]x(2f n 
A™)), Definition O shows that ( 0(/x ro ) = /3(/If ), ds x dP-a*s. on [t, r m [U[r m , T^n^ and /3(/If ) =(3(J2® U fi™), 
ds x rfP-a.s. on ([t,ti)xtt) U ([t„T]x(i™nA™)). Thus (^ m , /3(p rn )) = (j2 ® u ^™ A*?*))> ds x ^P-a.s. 

on [r m ,T] lrnAr = [t i ,T]x(Ifn^). From gSi, one has ([//"]'*, [^ m )]**) = , iff)) , ds x dP-a.s. on 
[ti, T] x (If n Af). Then by (14351 . (14351) and (12~T51) . it holds P-a.s. on 1™ n A™ <= P t , that 

Y^(T,g(X^)) =r t e ™ (T,g(X^))=j(u, X?™,^, ^ > j(t u Xf, tf, 0** (K")) -co\X?™-X?\ 2 '>. 

Since 2) rn (sj, Xi) n O5 (t, a;) ^ 0, it is easy to see that 

® m (s h Xi) = [si-5™ x .,Si + 5™ jX .] xOs^ixt) c ^a +2 v5jm i (*»*) cO, + ^(t,i) C%(f,4 

So <f>(ti,Xi) < C xS < m+ 1/m. On the other hand, one has (j>(ti,Xi) < w\{ti,Xi) < l(ti,Xi, P— a.s. Then it 
follows from ([4371) that 

a?*) < I(t u x u p u ) A (m + l/m) < J{U,xunT,P U {p^)) + P-a.s. on Af. 
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m on A™ , we can also deduce from (|2.13p , (|4.35l) and the continuity of 

(f> that it holds P-a.s. on 2™ n A? that 

V v '/ x x ' ' m m m m 

Thus it holds P-a.s. on U^(Af n Af 1 ) that 

i£» (T, ff > r, m ~co\Xf™ -X?\Vp = v m G L p (7" Tm )- (4.46) 
By it holds P-a.s. that 



T,A r 



e\ IP 



P 



< 



Co 
mP 



| if (r, r? m ) - If (r,0 (r, I T e )) | p < c E [ | r, m 
Let (Y m ,Z m ) G Gp([t,T]) be the unique solution of the following BSDE with zero generator: 

r T 

ym = y& m t1Jm )_ Z rn dBr , s G [t, T] . 

For any s G [t,T], one can deduce that 



(4.47) 



y™ s = e[y™ s \f t ] = e 



^7- ( 1 ^7m ) 



Z™dB r , P-a.s. 



By the continuity of process F m , it holds P— a.s. that 

F™ s = if™ (r m , Vm ) - / Z, m dP r = Y? m (r m , r/ m ) - / l {r<T} Z™dP r , s G [i, T]. (4.48) 

J tAs J s 

Thus, we see that (Y s m ,Z™) = (Y^ s ,l {s<r} Z™),se[t,T]. Also, taking [-|.F rA8 ] in (j4~48| shows that P-a.s. 

Y.r = Y™as = E [Y T e - (r m , Vm ) |P T As ] , V a G [t, T] . 
On the other hand, let (Y m ,Z m ) G G F ([i, T]) be the unique solution of the following BSDE with zero generator: 

rT 



Y m — n 

Similar to (Y m , Z m ), it holds P-a.s. that 



Z™dB r , se[t,T] 



(YT,Z?) = (Y%„l ia<r} Z?) and Y s m =E[r, m \F TAs ], VsG^T]. 



(4.49) 



(4.50) 



We can deduce that (y m ,Z m ) = { (l {s<T} Y s m +l {s > r} Y s 6 ™ (r m , Vm ), l {s<r} Zf+l {s > T} Zf™ (r m , Vm )) } G 



G F ([i,T]) solves the following BSDE 



se[t,T] 



yT — l{s>r}^' s 0m ( r m,?7m) + l{ ;i <r}i / r 0m ( r mj 7 7m) _ l{s<r} J Z r % d.B r — if™ (r m , 7/ m ) - l{ s<r } J l{ r<T }Z™dB r 

= Vm+ /^r( r J Y ® m { T rn-,ri rn ),Zf m (T m ,-q m ))dr- I Z® m (T m ,rj m )dB r - / l{ r<T }Z™dB r 

JtVs JtVs Js 

= ^™ + ^ T l{r>r}/fr (r, X", Z™)dr-j T Z™dB r , s G [t, T]. (4.51) 
Since (|2.4p . Holder's inequality and (|2.8I) imply that 

>p/ 2 1 



P 



<C p P 



|/® m (s,0,0)| p cis+ sup \Y S 
se[t,T] 



m I P 



ZT ds 



< 00, 
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applying (JO) to y m - Y m and using (|OD|) yield that 







P* 


= P 


| y m ~Y"Fn | P 


P* 


<E 


' sup |^r-n"f 


P t 


<c E 


[if" 
















L se[t,T] 









l/ T e r ( s ,rr^r)r^ 



p 



:c P 



X^x.,^, 0, u , (/?(/i m )) s ) 



P 



P-a.s. 



(4.52) 



Then one can deduce from ([23]), (gSJ), (|2"1|) . (|Q5|) , flH5| and (gig) that 

|y t e ™(r ) y T e '»(T m) 7 7m )) -r t e '"(r^ m )| p < cos[|y T e -(r m ,77 m ) -^r 

<c P 



1 + ^tJAS ~~ X T^s\ 



\X? A f + \r, m \v+[(f3(f, m )) s }; Us 



P 



<c E 



(r m - t) • sup |X e 

se[t,T] 



T m As A rAs 



p 



„ C(k,x,S) C{k,x,S) c C(k,x,6) 
< 1 1 — < , P—a.s. 



m 2 m mP +1 m 

Applying (|2.10[) with (£,r, rj) — (r, T m ,r] m ), applying (|4.40l) with i] = t] m and using (|4.47l) yield that P—a.s 



(4.53) 



Y, 



\T m ,'lm) — I t V t ' 2 t \Tmi>lm)) £ '( V T ' '/"V i/ p 



v e/ \ C(k,x,S) q, , v e\\ C(k,x,5) 
= Y t (r,r] m ) -jj— > Y t (r,0(r,X r )) - 



(4.54) 



As [i m = '\1 on [t, T m [, taking (r, A) = (r m ,0) in Definition 12.21 shows that (3((i m ) = /3(jl), ds x dP—&.s. on [i, r m [, 
and then applying (|2.7[) with (t,A) — (r m ,0) yields that P—a.s. 



Xf'»=Xf, V«€[t,T„ 



(4.55) 



Given £= 1, •• • , iV m , (|455} shows that A® m = xf , P-a.s. on Af\Af. As^ m = £on [t,T m [U [r m ,T]^ n4 „, Defi- 
nition&hows that /3( M m ) = dsxdP-a.s. on [t,r m [U [r^Tlj^^. So ^(/i" 1 )]* 4 ) = ([£]*'*, [k$)] U ) 

holds ds x dP-a.s. on [r ro , T]^„, A „ = [U,T\x(A^\A^). Then by ([428]) and a similar argument to (j4T5|) . it holds 
P-a.s. on that 

*£»(T )fl (x°»)) = y t e ™(p, ff (x^)) = j(e*) = j(§««) = y°(p 5 (xf )) = y§ (t, 5 (x|)), (4.56) 



where X e , [/?(//)]'<) ■ 



Let rjm = Y?™{T,g{X®™)) A rj m e LP(P Tm ) and set l m = {^(T^ < 5?™} G JV m . Clearly, 



A 



1^ < l>i m ) P—a.s. Applying ()2.9j) again, we can deduce from (|4.44|l and (|4.56|) that P—a.s. 



| Y®™ (r TO , ?7 m ) - Y® m (r m , r? OT ) | p < c E 

<c E 



c E 



< C( K ,x,6) +CqE 



< 



m 

C(k, x, S) 



l^e_ |?7m-f?m| P + l j 4 m |y r ® m (P,5(A|' m ))-77 m | p 
P* 
P 



P 



Xf--Xf \'+l Am I j£» (T, g (X e ™ ) ) - r? m |* 
l Am |y;§(T, ff (A|))-0(r,Af)| p 



Co 



c E 



l Am (sup y s § (P, 5 (A|))%(^. 5 ) P ) 



P 



(4.57) 



Applying ([2~TU| with (£ r, 77) = (r m ,P,5(x|' m )), we see from Proposition O (2), (j4~57j) and (l4~5i)l that P-a.s. 



(P,. 9 (A^)) = Y t ^{r m ,Y^(T,g{X^))) > Y?™ (r m , r} m ) 

U„(bu P Y?(T l9 (xl)) P +(Cl s ) P 
K se[t,T] 



P 



(4.58) 
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Letting A m = {e\\ a ( sup Y°(T,g(X°)) P + (C* S ) P ) JF t ] > 1/m}, one can deduce that 



P(A m ) < mE 



E 



lA m [ sup 

•se[t,T] 



N m 



l (Ar)c (sup Y?(T, g (X°)) P + (ci s ) P ) 



< m~ p . 



Multiplying l? c to both sides of (|4.58[) yields that 



lie /(t.i.jS) > 1^ J(t,x,^, /?(//")) >1^ Y t e (r^(r,X^)) 



0\\ C(/t,a;,£) 



P-a.s. 



(4.59) 



As > P(A m ) < > m p < oo, Borel-Cantelh theorem shows that P( hm lj = l) = 0. It follows that 
P( En 1 2 = 0) = 1 and thus 



lim 1 • 



0, P-a.s. 



(4.60) 



So letting m -> oo in (14391 yields that l(t,x,0) > Y^ X ^ PW (rp^(j)(Tp.^Xlf^ PW )), P-a.s. Taking essential 
supremum over fi £U t and then taking essential infimum over /3 G 2$t, we obtain 



ttf! (t, x) > essinf esssup y/'^'W 0( T/J X*™^) 



P-a.s. 



lb) Now let us show the other side. Fix m G N. For i = 1, • • -,N m , (|4.31[) shows that there exists (A™, (3™) G 
P ti x <8 ti with P(A?) > 1 - m^iV; 1 such that 

?(**,a!i) > «»i(*i,x0 > l(t h Xi,P?) - 1/m, P-a.s. on A™. (4.61) 

Let be the <Bt— strategy considered in (|4.10p and fix /3 G St. For any /j, Gtit, we simply denote Tp lfl by r M 
and define 

(/3( M )) s + i {s > r ^ } (/3. ( M )) s , Wse[t,T\, 

which is a V*— control by Lemma |2~T1 By (A-u), it holds ds x dP— a.s. that 

[(£(/*)),] v = 1{ S < V } [(/3(m))J v + 1 {s > v} [(^W) s ] v < « + (C p V K )y r (4.62) 

To see /3 G *8t, we let (i ,(i G such that /i 1 = /i 2 , ds x dP— a.s. on [t, r[ U [r, T]a for some r G iS^t 
and Ae T T . Since /3(//) = f3(fi 2 ), ds x dP-a.s. on [i, r[ U [t, T]^ by Definition it holds ds x dP-a.s. on 
([t,r[Up,T]U)n[t,v A V [that 



(^ 1 )) 5 . = (/?( M 1 )) s = (/3( M 2 )) s = (^ 2 )) s . 
And (|2.7p shows that except on a P— null set N 

IaX^ 1 + l A cX?£ = l A xf- 2 + IacX^* , Vs G [t, T]. 



(4.63) 



(4.64) 



Then it holds for any uj G A n N c that 

V (w) = inf { a G (t, T] : (s, X?" 1 (w)) £ 4 (t , x) } = inf {s G (f , T] : (a, X?» 2 (w)) g O tf (t, z) } = V (w). 

Let A = {r > r M i A r^a}. We can deduce from (|4.64[) that for any u G A Q n {r^i < 7^2} n A/" c 
VH - inf {se(i,T]: (s, (w)) ^Oa(i,x)| = inf {sG (t, t(w)] : (a, xf" 1 (w)) £O a (i,x)} 

= inf{«e(t,T(w)]: (s,X s " 2 (a;))^O 5 (t,x)} > inf |s G (t, T] : (s, xf" 2 (w)) ^0 5 (t,x)} = v (w) > V (w). 
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Similarly, it holds on A Q (1 {y < r^i } n M c that r M i = y . So 

y = y on A= (All A ) n A/" c . (4.65) 

Since [i,rln[y Ay,T] = [y Ay,r[U and [t, T] A n [y Ay, = [y Ay, T]] A , 613) leads to that 

(lt,T[U[t,T\ A ) n[y A V ,T]^c c [ V A V ,% = [y,T] A n [y,r] A . 

Thus it holds dsxdP~a..s. on ([t, r[ U [t, n [yAy,!] that (^(m 1 )), = ip(a, (4) =ip(a, (J? s ) = (/3(p 2 )) s , which 
together with (|4.63p shows that /3 £ 95 1 . 

Given /i e W t , we set M = (t, £, ix, /3(/x)) and M = (i, a;, jtx, /3(/x)) . For i = 1, • • •, N m , analogous to A™ of part 
(la), A^ m = {(yX® M ) G T) m (si,Xi)\ U $) m (sj,Xj)} belongs to T T fl J fj . By the continuity of process X ", 

(y X®*) e dO s (t,x), P-a.s. So ™}£t forms a partition of A/J for some P— null set A/" M . Then we can define 
an F— stopping time r™ = ^-A^ ,m U + — T n as wen as a process 

N m 

(PM) S = i {s <^ } (^)) s +i {s >^ } (E 1 ^'"nAr(/3r(M tl )) s + i^(^)) s ) 

= l^^^.+E^r^n^^l^^}^))^!^^}^^^]' 1 )),), V ( 6[t,n (4.66) 

i=l 

where X™ - ( U (A?' m \A?)) UJV,. 

We claim that /3 m is a Q5(— strategy. Using a similar argument to that in part (la) for the measurability of the 
pasted control fi m , one can deduce that the process /3 m (/x) is F— progressively measurable. For i = 1, • • ',N m , let 
C" 1 > be the constant associated to /3f in Definition (i). Setting C m = V k V max{C™ : i = 1, ■ • •, N m }, 
we can deduce from (|4.62l) and (A-u) that ds x dP— a.s. 



[(/U/*)) s ] v =i {s<rr} [(^ 

1=1 

< (1{»<t™}+1{«>t;»}U«)(k+^^ (4-67) 

j=l 

Let P J t T [/i s ]^c?s < oo for some g > 2. It follows from (|4.67l) that 

eJ^ [(f3M) s ] q Y ds<2^- 1 K c 'T + 2 c '- 1 C? n E^ [fi 8 ] 9 v ds < oo. 

Hence /? TO (/x) € V t . 

Let /x 1 , xx 2 GW t such that it 1 =/x 2 , dsxdP-SL.s. on [i, r[U [t,T]a for some r£S t ,T and AeJ r . As Pip 1 ) = (3(/i 2 ), 
dsxdP~a,.s. on [i,r[U[r,T] A by Definition EH it holds dsxdP-a.s. on ([i,r[U [t, T] A ) n[i,r^Ar^[ that 

(/3 m ( M 1 )) s = 0(^)) s = (^/i 2 )) s = (/3 m (/i 2 )) s . (4.68) 

Definition 12.21 also shows that (/x 1 , /^(/x 1 )) = (it 2 , Pip 2 )) , dsxdP—a.a. on [£, r[ U [r, T] A . Similar to part (la), we 

again have (I4.64|) except on a P— null set A/", and (|4.65l) still holds oni-(AU A Q ) l~l A/" c with A = {r > y Ay}, 
Plugging (|4Td5)1 into (|4TM|) yields that 

xff = holds on A (4.69) 

Given i = 1,- • ;N m . since it holds dsxdP-a.s. on ([t, r[ U [r, T] A ) n ([U, T] xti) = {U, r U [r Vij, T] A that 
(L" 1 ]*^ = Ms = Ms = ([M 2 ]**)^ takin g ( T ,^) = (t V i^A) in Definition [2T2l with respect to /3™ yields that for 
ds x dP-a.s. (s, W )e[(„rV i< [U [r V t u Tj A = ({t, r[ U [t, T] A ) n([U,T}x Q) 

^([m 1 ]**)),^) = (P?(\j* i ] U ))M (4-70) 
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A 



Given u e A = A n A? ' m , and flglgj) imply that 

(vW. 1 ^)^)) = (vM^yHH) G !D m ( Si ,x;)\ IJ.S™^,^), i-e., w G A 



So Ai C A ' m n At ,m , and it follows that l^r^f = l^,t l = 1a 4 t$. Then one can deduce that 
([*, r[ U [t, T]a) n [t^ Ar^ , T^nAf = ([*, 7"[U [t, T] A ) fl ([t*. T] x (An A")) 

c [i l ,T]x(A 1 ' m nA 2 ' m nA n ) I (4-71) 

which together with (jlJOj) shows that for ds x dP-a.s. (s, u>) G ([i, r[ U [t, T] A ) n [7$ A , T^ru™ 

(/W/^LM = 0T([m j^M = CflTCE^ 2 ]**)).^) = (/Mm 2 ))»- (4-72) 

Analogous to (TH), ([t, r[U [*, TJa) n [r^A-T^TU^m c [i,,T] x ((A 1,m \^r) n (A^VA*))- So flUEl also 
holds ds x dP-a.s. on (p,r[U [t,T] A ) n [r£i A tJ$,T} a .\ A ™, Combining this with (|4772|) and then letting i run 
over {!,-■•, N m } yield that 



(PmO* 1 )). = (Pmfa 2 )),, dsxdP- a.s. on ([t, r[ U ft, TJ A ) fl [r^ A r^,T] AuAo 



(4.73) 



As [r;i Ar^,T] A c nA o c [ V A V , T] A e nA e c [r,T] A c nA c C [t,T\ A c, one can deduce that (\t,T[U[t,T\ A ) n 
[r;f A^,T] AuAo = ([*,t[U [i,T] A ) fl [r^ Ar^,T]. Therefore, 622]) together with flMHD implies that /3 ro G 05 

s A 

'I* 



Next, let [i^Ut and set 9™ = (t, x, fi, m (ji)) . As /3 m (/j) = '0{p) = $(n) on [t,T^[, taking (r,A) = (r M ,0) i 
(|2~7) yields that P-a.s 



X s " = Xf " = Xf" G O s (a;), Vs G [t, r,,]. 



(4.74) 



Thus, for any 77 £ LP(XJ, the BSDE^i, 77, /®") and the BSDE^t, r], /® f 

(F e ™(r M ,ry),Z e ™(r M ,ry)) = (r - (r M , 77), (r M , 77)) 
Given A G J~t, similar to (|4.41[) . we can deduce from (|4.74[) that 



are essentially the same. To wit, 



(4.75) 



i A sup \xfI Ar -xf; Ar \ < 

re[t,s] 



l A \b(r, X T £ Ar ,n r , ip(r, /J, r ))\dr 



+ sup 

r£[t,s] 



l A a (r' , A T ^ Ar , , /v ,ip(r', n r ' )) dB r 



,-G[t,T]. 



where we used the fact that /3 m (/x) = = /3^(/i) on [r^, r^J. Let C(k, a;, (5) denote a generic constant, depending 
on c£ s = sup {|0(s,j:)| : (s, y) G Oa+3(i,x) fl ([t,T] x M fe )}, T, 7, p and |<?(0)|, whose form may vary from 

line to line. Since r™ — r M < 5Z i= ?| l A ^ m 25™ a . i < P— a.s., using similar arguments to those that lead to (|4.42[) 
and using an analogous decomposition and estimation to (14.111) . we can deduce that 



E 



1 A SUp I X T m Ar — Xf\J 



r£[i,s] 



/ l A \blr,X T m Ar ,Hr,"4)(r,Hr))\ dr+8E 1 a\ctI r, X T £ Arl /j r , i/j(r, /z r ) J 



<24 7 2 / £ 



'<ir 



ix sup |A r e J Ar ,-A r e ; Ar ,| 2 



dr+^^P(A, V.se[t,T] 



Then similar to (|4.44|) . an application of Gronwall's inequality leads to that 



E 


sup 


A 7-™Ar 




7i 


^ C(k,.t,<5) 
_ 


P-a.s 




-re[t,T] 








m 





(4.76) 
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Let i = 1, ■ ■ ■, N m and set 9™'** = {u,X^: L , {/*]**, \fi m (jj)] u ) ■ Similar to @35), it holds P-a.s. that 



Y, 



^(T,g(x?))=J{9^). 



(4.77) 



Since [P m (pj\*(u) = (/9m(M)) r H = (A r "(M* i )) r ( w ) for an Y G [U-T] x (.Af m n^)> one can deduce from 

([4777]) . (|4~28l) and (|2~T3)) that it holds P-a.s. on ^ ,TO n A™ G J 7 *, that 



X ''-X! 



2/p 



As |X®" - Xi\ !v < ($™, x J 2/p < m- 2/p < 1/m on _4f' m , we can also deduce from (l2~T3l) . (I43T1) . (l4~35j) and the 
continuity of that it holds P— a.s. on J^- m n A™ that 

j(t i ,X^,[ M ] t S ( 8f(M^ 



)) < j(t.-,a:«M^,i8r(M^)) + -<J(*i,»i > |8r)+-<0(*i.a:i) + - 



Thus it holds P-a.s. on U^(„4f' m H .Af) that 



y T ™" [T,g [X» <C + Co 



^gL*>(P t ™), 



By (|2T9|) . it holds P-a.s. that 

(t„, <) -if" (r M) 0(r M; Xf;)) 
Similar to (I4.52[) , one can deduce that 



< c E 



T t 



< 



(4.78) 



P 



y ' ( T m n m \ _ n « 



p 










T 


< c E 


[/I 












= c Q E 


[f 






L •* Tfx 



T 



ds 



T 



P— a.s. 



Using an analogous decomposition and estimation to (|4.11[) . similar to (|4.53l) . we can deduce from (|4.76[) that 



< E 



A-y,: 



< c E 



^T^As A T„As 



X 



Yr7 (r^<)-< 



I 2 

T u As 



p 






p f 



p 



<^M, P-a.s. 



Applying ([2~10| with (£, r, 77) = (r M , r™, 77™) , applying (|4~75|) with 77 = 77™ and using fljTEH} yield that P-a.s. 

C(k, a:, 5) 



,e„u , C(k,x,5) 



,1/p 



<esssup Y t 



X 



As /3 ro (/i) = /3(/i), x PP-a.s. on [i,r™[, applying (270 with (r,A) = (r™,0) yields that P-a.s. 

x5=xf<% V*e[t,r™]. 



(4.79) 



(4.80) 



Given i = ,iV m) P~gQl shows that X^" = X t 0, \ P-a.s. on „4f' m \„4™. Since [/3 m (/i)] ** (w) = (/9 m (/f)) r (<*>) : 



= holds x dP 

similar argument to ()4.77j) . it holds P— a.s. on that 



e " =A 

a.s. on [r;,TU ru , 



[U,T] x (^f m \^™). Then by KM and a 
*?(T,g(xF)) = Y»?(T t g(xF)) = J(G^) = J(§«f) = F t ^(T, ff (X^)) = y|f (T, ff (X^)), (4.81) 
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where 0**= (ti,X^, [£(/,)]' 



Given A G P t , one can deduce that 



l A X®f ys = l A xf»+l A " b(r,X?»,Hr,(f}{ij))r)dr+l A " CT (r,X r @ %/i r , (£(/i)) r )dP< r 

= l A Xf»+J l {r > r ^l A b{r,Xf^^ r ^{r,ii r ))dr+ J l {r > T(j} lA<r(r, X®", Mr, ^(r, /i r )) dB r , s e[t,T]. 
It then follows from (|4.74j) that 



1a sup 

reft, si 



< l A (\x\+6)+f l {r > Tii} l A b(r,X®»,iJ, r ,ip(r,iJ, r )) 



dr 



+ sup 

relt.s] 



1 {t'>t^a<j{ r\X r / 1 , n rl , ip(r', Hr>))dB r 



> se[t,T] 



Using an analogous decomposition and estimation to (|4.11[) . one can deduce from Holder's inequality, Doob's 
martingale inequality, ()2.1|) , (|2.2p , (|4.74|) and Fubini's Theorem that 



E 


I A SUp 




2 




re[t,s] 







<( 



C(k,x,5)P(A)+c E / l {r > Tfi} l A (\b(r, X°», fx r , ^{r, fi r )) \ 2 + \a(r, X°», fx r , ^{r, fi r )) \ 2 ) dr 



<C(k,x,5)P(A) + c E / l {r > T „ } l 



XI 



dr<C(K,x,5)P(A)+c Q / E 





1 A sup 




2 




r'e[t,r] 







Then an application of Gronwall's inequality shows that E 



In particular, E 


1 A sup 




2" 


= E 


1 A sup 


A ^Vr 


2" 




L re[ V ,T] 








- reft.T] 







dr, VsG[t,T]. 

< C{K : x : 5)P(A)e c ^ s - t \ s G [t,T]. 
< C(k, a;, <5)P(j4). Letting A vary in P t yields that 



1a sup 




2' 


re[t,s] 







sup 

re[v,T] 



P 



<C(k,x,S), P-a.s. (4.82) 
Let (Y^, Z^) G G F ([t, T]) be the unique solution of the following BSDE with zero generator: 



1? = K 



fs(T,g(X°») 



Z?dB r , se[t,T] 



Analogous to @2D, (5>, 2") = { (l {s < v} ?/'+l {s > v} y s e - (V, <?(xf ")) , l {s<T(j} Z£+l {s > T(i} zf " (t, 5 (X 
G G F ([i,T]) solves the following BSDE 



ZfdBr, se[0,T]. 



^ = g(x%") + j l { r> v} /T M (r, 5>, Z?)dr- 
Then (|2.8p . (Jl~4"f and Holder's inequality imply that P-a.s. 



E 



sup 

sefr^T] 



(T,. 9 (^)) 



P 



< P 



sup \y?\ 

s e[t,T] 



P 



c P 



< c P 

T 



/t m (s>o,o; 



p 



+ / |/( S ,Xf-,0,0,^,^( S ,^)) 



P 



Using an analogous decomposition and estimation to (|4.11[) . we can then deduce from (|2.3p . p. 41) and (|4.82[) that 

< C(k, a;, <5), P— a.s. 



p 


sup 


F>(r, 5 (x|")) 


p 


P 


< C K + C P 


sup 




2 


Pt 




.sefr^T] 










.sefr^.T] 
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Let tff = Y^J(T t g(x^)) V rft G L^Jym) and set .A™ = {Y T tF (t, > G T r ™. Clearly, 

lr m < l^m, P— a.s. Applying (|2.9p with p = -4^, we can deduce from Holder's inequality, (|4.76[) and (|4.81l) that 



<c P 



<c P 
c q \e 



1 - \W n —n" l \ +~\ ~ 



E 



c E 



Yr 



Y 



71 



<c £ 



-co £ 



E 



sup 

.se[r M ,T] 



Y fc 



(t, 3 (^))| p +(c^ + 



^£oy 



71 



7, 



P-a.s. 



(4.83) 



Applying (pETO]) with (C,t,t?) = (t™ ,T, g(x®™^ , we see from Proposition O (2), g^5| and flUTS) that 



P-a.s. 



y5(t,. 9 (a?")).y5(c,y^(t, 9 (a? 

<5f r (^,^)+%^+C(/e iaJl J){E 



Letting 



< esssup Y t 



+C(k,x,5)\ E 



L U~™(.4™)<= 



71 



(4.84) 



.4 =( 



i+p ~i 

,i-p j. 



> m 1 -? one can deduce that 



P{A m ) < m^E 



E 



7, 



= mp- 1 



P( U^l (^T) < ^P((^™) c ) < ™~ P - 



Multiplying 1 j c to both sides of (j4.84|) yields that 



l^c J(t,x,fj,,P m (fj,)) < Ifc esssup Y t 



P-a.s. 



Since *4 m does not depend on fx nor on /3, taking essential supremum over /i G lA t and applying Lemma 12.41 (2) 
yield that 



l^iM < ^/(t.x,^) < l^esssup Y/^W(r^ M ,0(r^,X^W))+^^ : 



P-a.s. 



Then taking essential infimum over /3 G Q3t and using Lemma 12.41 (2) again, we obtain 



1 t c wi(i,x) < 1 t c essinf esssup Y 



■/?) 



1/p 



P-a.s. 



(4.85) 



As > P(.4 m ) < > m p < 00, similar to (14.601) . Borel-Cantelli theorem implies that lim It = 0, P— a.s. 



7T16N m£N 

Thus, letting m —¥ 00 in (|L85]l yields that 



u*(t,aO < essinf esssup Y^'^Hr^^T^X^f^)), P- 



2) For any (t, x, y, z, u, v) G [0, T] x R fe x K x K d x U x V, we define 



Q{x) = -g(x) and f(t,x,y,z,u,v) = -f(t,x,-y,-z,u,v). 
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Given (/_t, !/)eW t x Vt, we let stand for (i, x, [i, v). For any r £ S t ,r and any 77 £ L P (J>), let (y & (r, 77), Z e (r, 77)) 
denote the unique solution of the BSDEft, T], ff) in Gp([i, T]J, where 

ff(s,u),y,z) = l {8<T{u)} f(s,Xf (w),y,2,/*,(w),i/,(w)), V(s,w,y,z) G [i,T] x x E x M d . 

Multiplying -1 in the BSDE (t, 77, f f ) shows that (-y e (r,ri), —Z®(r, 77)) € G|.([t, T]) solves the BSDE(i, 
To wit 

(-^(t.^-^M)) =(y e (r,-r ? ),Z e (r,-r ? )). (4.86) 

Given (t,x) £ [0,T] x M fc , let us consider the situation where player II acts first by choosing a V*— control to 
maximize y^' x ' a ^' u ^p, g(x^, x ' a ^' v J^j , where as2lf is player I's strategic response. The corresponding priority 

value of player II is V02{t 1 x) = cssinf esssup y*> x < a W<" (t, Q\Xh x ' a ^' v J ). We see from (I4.86[) that 

— tt)2(f, x) = esssup essinf — y*> x < a ( 1/ ')< v ( T y q( x l ^ x ' v ) ] = esssup essinf Y^' a ^ v '' v [ T, gix^? )) = 103 (i, x). 
aea t ^eVt ' V V // Q , e2 i f i/eVt V V // 

Let t £ (0, T] and let 0,0: [i, T] x be two continuous functions satisfying <p(s, x) < W2(s,x) <<p(s,x), 

(s, x) £ [t, T] x R fc . As ~cj)(s,x) < lt>2(s, x) < —cf)(s,x), (s, x) £ [t, T] x M. k , applying the weak dynamic programming 
principle of part (1) yields that for any x £ M. k and S £ (0, T — t] 

essinf esssup y^^' v ( T -^{r a , v ,X t T ' x f v ^)\ 

< ro 2 {t,x) < essinf esssup y^^fr^^-^T^Xl^^)), P-a.s. 
aea t J/£Vt v '/ 

Multiplying —1 above and using (|4.86l) . we obtain the weak dynamic programming principle for u>2- Q 

Proof of Theorem I3.lt We only need to prove for t/jj and wi, then the results of W2 and w 2 follow by a similar 
transformation to that used in the proof of Theorem 12. 1[ part (2). 

a) We first show that is a viscosity supersolution of (|3.1j) with Hamiltonian H 1 . Let (to, xo,cp) £ (0, T) x R fc x 
C 1,2 ([0, T] x R fc ) be such that Wa(to, Xo) = (p(to,Xo) and that w_i~ <-p attains a strict local minimum at (to, xq), i.e., 
for some S £ (0, t A (T - t )) 

(Mi - v)(t,x) > (Mi ~ <p)(to,x ) = 0, V(i,x) £ Os„{t , x )\{(t , x )} . (4.87) 

We simply denote (ip(t , x Q ), D x ip(t ,x ), Dlip(t ,x )) by (y 0j z , F ). If ^ (i 0) x , yo, 20, r ) =-00, then 

d 

--7^<p(to,x )-H 1 (to,xo,yo, ^o,r ) > 0, 
holds automatically. To make a contradiction, we assume that when H 1 ftp, zn, j/p, zp, Ln) > —00, 

Q = -^f(to,xo) + H 1 (t ,xo,yo,zo,^a) > 0. (4.88) 
For any (t, x, y, z, T, u, v) £ [0, T] x M fe x M x K d x § fe x Ux V, one can deduce from (pnjl -lpO ]) that 
i/(M,y,z,r, M , V )|<i|a CT T (i,^ 

<j7 2 (l + M + M u +M v ) 2 + J|r| 2 + ^^^ (4-89) 

Set C° = |y | + |zo| + |r | = \(p(to,xo)\ + \D x Lp(to,xo)\ + \Dl<p(t ,xo)\, and fix a u s £ dO K {u ). For any u £ O K (u ), 
we see from (A-u) that ij)(to,u) <E ^u, and it follows from (|4.89j) that 

inf H(to,x ,yo,zo,T ,u,v) < \H(t ,xo,y ,zo,To,u,ip(to,u))\ 

= |if(to,a:o,|to,«o i ro,« t ,V(*o,«it))| < |(^°) 2 + C^C(k, x ) + C(k, x ). (4.90) 
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Here C(k,xq) denotes a generic constant, depending on re, xo|, T, 7, p and <?(0)|, whose form may vary from line 
to line. 

Similarly, it holds for any u G O k (uq) that 

inf H(t ,x ,yo,Zo,T ,u,v) < \H(to,x ,yo,z ,T ,u,vo)\ < \{Clf + C"C(k,x ) + C(re,x ), 
which together with (|4.90[) implies that 

^1 (to, aiojj/o, ^o, To) < sup inf H (t , x , yo, zo, To, u, u) < 7(C°) 2 + C°C(re, x ) + C(re, x ) < 00. 
Thus p < 00. 

As <£> G C^ 2 ([0,T] x R fe ), we see from (gjjjg) that for some S £ U 

3 5 

lim inf H(t,x,<p{t,x),D x ip(t,x),Dlip{t,x),u,v) > -g - — tp(t a ,x ). 

(t,xH(to,x ) 4 9t 

Moreover, there exists a 6 G (0, <5o) such that 

1 5 

inf H(t,x,(p(t,x),D x ip(t,x),Dlip(t,x),u,v)>-g-—ip(t,x), W (t,x)eO s (t ,x ). (4-91) 
»6^5 2 at 

Let p = inf {(w_i— ¥>)(t, a;) : (t, x) GO<s(io, xo)\0« (to,Xo)}- Since the set 0<$(to, Xo)\0| (to, x ) is compact, there 
exists a sequence {(t„, x„)}„ eN on O$(to, xo)\Oi (to, ^o) that converges to some (t*,x*) G Os{to, xq)\Oi (to, ^o) 
and satisfies p= lim 1 (w_ 1 — ip)(t n , Xn). The lower semicontinuity of w_ l and the continuity of tp imply that w_ 1 — ip 

n— >oo 

is also lower semicontinuous. It follows that p < <p)(t*, x*) < lim ! (l£i — <p){tn, x n) = p, which together with 

n— f oo 

(|4T57|) shows that 

p = min {fe-ipj^j;) : (t,x) G O 5 (io,xo)\0|(to,x )} = (Mi ~ f) (** , ) > °- (4.92) 
Then we set p= ^t|~ ^ j, > an d let {(tj,Xj)}^ eN be a sequence of Oa(io,xo) such that 

lim (t,-, Xj) = (to, xo) and lim wi(tj,Xj) = w_i{to,xo) = <p(io,xo) = lim ip(tj,Xj). 

j— )-oc J— T-OO j— >-oo 



So one can find a j G N such that 



5 ~ 

|i0i(tj-,Xj) - ^(tj,Xj-)| < -pt . (4.93) 



Clearly, ju s = u, s G [tj,T] is a constant —process. Fix /3 G Q5{ . We set 9 = (tj-, x_y, ju, and define 

r = = inf {se(tj,T}; (s,Xf ) fO^Xj)} G S tj , T . 
Since | (T, X®)—(tj,Xj)\ >T—tj >T—t — \tj—t \>5 — ^>^5>^5, the continuity of X B implies that P-a.s. 

T 



<T and (rAs,Xf As ) G 0* s (tj,xj) C O5 5 (t ,x ), Vs G [t j} T\; (4.94) 
particular, (r, Xf ) G dOi s (tj, Xj) C O5 5 (t ,x )\O« (t , x ). (4.95) 



The continuity of ip, X e and (|4.94j) show that 34 = ¥>(t A s,X® As ) + p(r As), s G [tj,T] defines a bounded 
F— adapted continuous process. By Ito's formula, 

y s =y T + I frdr- f Z r dB ri sG [tj,T], (4.96) 

J S J S 
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where Z r = l{ r<T yD x ip(r, X®) • a(r,Xf,u, (/J(j5)) r ) and 

f r = -l {r<T} { P+ ^ (r, X?) + D s <p(r, X?) ■ b(r, Xf, u, (/3(/I)) r ) + ^race(aa T (r, A r e , u, (/?(/z)) r ) • D 2 x <p(r, A r e )) 



As 99 G C 1,2 ([t, T] xK l ), the measurability of b, a, X & , u and flip) implies that both Z and f are F— progressively 
measurable. And one can deduce from (|2.ip . (|2.2[) . (|4.94l) and Holder's inequality that 



T \ p/2' 



< 



^(l + \xf\ + [u] v +[{p{p)) s } v ) 2 ds 



p/2 



c C^(l + |.T |+ ( 5+[u] u ) p + |i : ;^ T [(/3(/2)) s ]Jd s | P/ ) <oo, i.e. Z 6 Hp P ( [tj , T] , R d ) , (4.97) 



where (7^ = sup [Ac^t, < 00. Hence, {(y s ,Zs)} se r t . T] solves the BSDE(tj ■, y T , f) 



(t,i)£Os 5 (*o,a:o) 



Let £(x) = c K + c \x\ 2 / p , be the function appeared in Proposition l2.il Let 61 : [0,T] xR fc ->■ [0, 1] be a 

continuous function such that $i =0 on Os^to, xo) and #1 = 1 on ([0,T}xR k )\O 5 (t ,x ). Also, let 2 : [0,T]xR fe -» 
[0, 1] be another continuous function such that 6-2 = on Oi (to, xq) and 02 = 1 on ([0, T] xR fc )\0<5 (to, xo). Define 

4>(t,x) =-9 1 (t,x)£(x) + (l-e- L (t,x))(cp(t,x)+p6 2 (t,x)), V(t,x) G [tj,T] x K fe , (4.98) 

which is a continuous function satisfying <f> < wi: given (t,x) G [tj,T] x R fe , 

• if (t, x) G Os (t , xo), (I4.87P shows that 0(t, x) = <^(t, x) < w x (t, x) < u>i(t, x); 

• if (t,x) G Oa(to, x )\Os (t , xo), since <^(t, x)+p62(t, x) <(p(t, x)+p<w 1 (t, x) <Wi(t, x) by (|4.92p . one can deduce 
from Proposition 12.11 that <j){t,x) < wi(t,x); 

• if (t,x) £ O 5 (to,x ), </>(t,x) = -£(x) < wi(t,x). 

Then we can deduce from (|4.95l) that 

y T = ^(T,X°)+pT <<p(T,X?)+p = <b(T,X?), P-a.s. (4.99) 

Since it holds ds x dP-a.s. on [tj,T] x ft that [(£(#)) J v < h + Cp\p, a ] v = n + Cp[u] v G 0$, (j4~94|) . (j4~9Tj) and 
imply that for ds x dP— a.s. (s,w) G [tj, T] x 17 



faM <1{ s <tH) {~ P ~ 2" £ ' + •^( s ' CJ '^ e (w)^ s (w) - ps,Z s (u;),u, (/8(^)) 8 (w))| 

<l {s <rM}|-p-^ + 7pT 1 + /( S , W ,AfH,^H,Z s H,u, (/3(^)) s H)|</ T e (,s, W ,^M,Z s H).(4.100) 

As /® is Lipschitz continuous in (y,z), Proposition 1 1.2 1 (2) implies that P— a.s. 

y.<Y?(r,<l>(T,X?)), V S G[t„T]. 
Letting s = tj and using the fact that tj >to — ^5>t — g<5o> 1*0) we obtain 

if(t v x 3 ) + ^pt < tpfaxj) + ptj = y tj < Ytl^ %m {rA{r,X^^P^)) 
< e«Bnplf^ W U^(r^,Xlf : ^)) , 

where Tp tfi = inf jsG (tj,T] : ^ S} xt 3 ' X3 ' fJ ''^ <Jl ^ £ 0| 5 (tj, £j)j, V^i G W^. Taking essential infimum over /9 G 23 tj 
and applying Theorem 12.11 with (t,x,S) = (tj,Xj, |<5), we see from (|4.93l) that 

p(*i>*j) + «P*o <essinf esssupF^'' x ^ ,/J(/l) (773^, ^(r^, X% X J<^M)) <w 1 (t j ,x j )<ip(t j ,x j ) + -pt . 
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A contradiction appears. Therefore, is a viscosity supersolution of (|3.1[) with Hamiltonian H 1 . 

b) Next, we show that w± is a viscosity subsolution of (|3.1I) with Hamiltonian Let (to)Xo,<^) 6 x R fc x 

C 1,2 ([0,T] x R fc ) be such that W\(to,Xo) — <p(to,Xo) and that Wi — <p attains a strict local maximum at (to,Xo), 
i.e., for some So £ (0, to A (T — to)) 

(»i - < - ¥>)(*o,&o) = 0, V(f,x) G O,5 0o,£o)\{(io,£o)}- 

We still denote (^(i , x ), D x <p(t , x ), D x (p(t , x )) by (y , z , T ). Jf Hi(t ,x ,y ,Zo,r ) = oo, then 

9 — 
-^^(*o,a;o)-ifi(to,xo,yo,«o,ro) < 0, 

holds automatically. To make a contradiction, we assume that when H± (to, xq, yo, Zq, Tq) < oo, 



A 9 

£> = -^^(io,xo)-i/i(to,x ,2/o,2 ; o,ro) > 0. 



(4.101) 



It is easy to see that 



Hi(t ,Xo,yo,z ,T ) > lim | sup inf H(t , x , yo, z , To, u, v) > Km J, inf H(t , x , yo, z , T , u , v) 



inf ff(to,io,2/o,zo,ro,«o,i'). 



(4.102) 



For any « G O k (wo), one can deduce from (|4.89|) that |lf (to, xo, Vo, Zo, To, uo, v)\ < |(C°) 2 + C°C(k, x ) + C(k, x ), 
where C° = y>(io,xo)| + AbV(*o>£o)| + |Z?^^(t , x )\ as set in part (a). It then follows from (|4.102l) that 



H 1 (to,xo,yo,zo,To) > inf H(t , x , y , z , T , u , v) > -\(C ) 2 - C°C(k, x ) ~ C(n,x ) > 

Thus g < oo. 

Then one can find anmSN such that 
d T 

-«r(*o>Eo) - - Q > sup inf lim sup H(t,x,y,z,T,u',v). 

ot » ueu vetf™ «'->•« (t,x, v ,a 1 r)eo 1/m (to,a;o,i/o,*o,rD) 

As y> G C 1,2 ([0, T] x M fc ), there exists a S < ^ A <5 such that for any (t,x) G O^toj^o) 



(4.103) 



-(t,x)--{to,xo) 



1 



and 



|y(i,x) - ^(t ,x )| V D x (p(t,x) - D x ip(t ,x ) V D 2 x (p(t,x) - Dl<p(t Q ,x ) 



< 



2m 



the latter of which together with (I4.103[) implies that 



(4.104) 



-^(*o, x ) - | p > sup inf lim sup H(t, x, <p(t, x), D x tp(t, x), D 2 x ip(t, x), u, v). 
dt 8 «e« " e<? ™ (t,x)eO e (t ,x ) 

Then for any u G U, there exists a *P ( U ) G ^™ such that 

— 5t(*o,x ) - jQ> Km sup (f, x, tp(t, x), A^i, x), D x ip(t, x), u', <£ (w)), 

OT 4 " ^" (t,a)£O s (to,so) 

and we can find a A(m) £ (0, 1) such that for any u' G Oa(«)( u ) 

-7f(*Oiio)-j?> sup i?(t,a;,v?(t,a;),£' 2; ^(t,x),L' 2 (p(t,x),M', ( p o (u)). 

0t 8 (t,x)eOs(t ,x ) 



(4.105) 
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Set A(uo) = A(«o) and A(m) = A(u) A [u] v ) for any u £ U\{mo}. Since the separable metric space U is Lindelof, 

A 



{0(u) = 0\( u )i u )} ueV nas a countable subcollection {D(ui)}i £ N to cover U. It is clear that 



defines a 3§(U) /&(¥)— measurable function. 

Given u€EU, there exists an i€N such that «6D(«i)\ U D(uj). If = uq, 

pP(«)] v = PPo(«i)] v < k + m[ui]„ - k < k + m[u] D . (4.106) 
On the other hand, if Ui ^ uq, then \ui] v < [u] u +p u (w, Uj) < [u] u + A(ui) < [w] u +^ [u^, and it follows that 

[V(t*)] v = [ < Po(^)] v <^ + mM u < K + 2mM u . (4.107) 

Also, we see from (|4.105[) that 

— ^7(^0,2:0) - £ £> > sup H(t,x,ip(t, x),D x ifi(t,x),Dlip(t,x),u,^ Q (ui)) 

= sup ff(i,x,<p(i,z),.D^(M),^^(*,z),«,^(«)), 

(t,ic)eOs(to,xo) 

which together with (|4.104[) implies that 

-^(t,x) -~g> H(t,x,ip(t,x),D x (p(t,x),Dl<p(t,x)^u,¥(u)), V(t,x) eO s (t ,x ), VneO. (4.108) 

Similar to ()4.92p . we set p = min {(<p — w\){t, x) : (t, x)£0$(to, xo)\Os(t , x )} > and p= ^yj< 
{(tj,Xj)} . N be a sequence of Os (io,a;o) such that 



lim (tj,Xj) — (to,Xo) and lim w\(tj,Xj) = wi(to,Xo) — tp(to,Xo) — lim (p(tj,Xj). 

j—>QO j— >OC j—>00 



So one can find a j 6 N that 



5 ~ 

koi(tj,arj)-^(tj,ij)| < fiP^o- (4.109) 



For any /i S i/^, the measurability of function *p shows that (/3(/x)) = Cp(p s ), s <G [tjjT] is a V— valued, 
F— progressively measurable process. By (|4.106j) and (|4.107|) . 

[(W)J v =[W] v ^' t + 2m Wu. Vsefo,T]. 
Let -E J t T [/i s ] 9 ds < 00 for some q > 2. It then follows that 



[(£(/z))X^ < 2"- 1 ^T + 2 2 "- 1 m"E J^^ds < 00. 



So P(fj,)EVt r Let /i 1 ,^ 2 eW tj such that p 1 =/^ 2 , dsxdP—a.s. on , t[ U [r, T]^ for some r€S tji T and Ae J T . 
Then it directly follows that ( ( 8(p 1 )) s =«P(/xJ)=qj(pf)= (/% 2 )) s , dsxdP-a.s. on [t, ■, r[ U [r, T]a- Hence, /3eQ3 tj . 



Let fi€l(t r We set 9 M = (t, , aij , /i, /3(/i)) and define 



A 
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As \(T,X®») - (tj,Xj)\>T-tj>T-to-\tj-t \>6o-£>l5, the continuity ofX e " implies that P-a.s. 

T ti <T and (t m A a,X?fr a ) G Vigfaxj) C Ug 5 (fo,x ), Vs G fe,T]. (4.110) 
In particular, (r^Xff) € d02 S (tj,Xj) C 05 S (to,xo)\0^(to,x ). (4.111) 

The continuity of (f, X e » and (|4.110|) show that = ^(^As,!^) - p(r M As), s G [tj,T] defines a bounded 
F— adapted continuous process. Applying Ito's formula yields that 

y? = y£ + J %dr-J ZfdB r , s€[tj,T\, (4.112) 
where = l {r<T ^D x ip(r, X?-) ■ a(r,X^^ r , (£(/i))J and 

t = l{r <r,} [p-^ (r, A r -) -£>^(r, A r e -) -6(r, A r e ", /x r , (£( M )) r ) -^race(aa T (r, A r e - Mr , (^)) r ) .D^(r, A r e -)) 

As ^GC 1,2 ([i, T]xIR fe ), the measurability of 6, er, A e ^, /x and f3((j,) implies that both and f M are F— progressively 
measurable. Let C v = sup [D^^, x) | < oo. Similar to (|4.97[) . we see from (|2.1|1 . (|2.2j) and f|4.110[) that 

IT 



£\Z?\ 2 d s y <c C^(l + \x Q \+5) p + {Ej\f, s ]ld s y +{Ej\(P{ri) s ] 2 Y d s y )<oo, (4.H3) 



P/2 ( i-T \ p/2\ 



i.e. Z^ 1 G Hp P ( [ij , T] , M d ) . Hence, {(^,Z^)} s£[t . T] solves the BSDE(tj, y£, f) . 

Let £, Q\ and 6*2 still be the continuous functions considered in part (a). Like (j> in (|4.98|) . 

4>{t,x) = 9i.{t,x)l{x) + (l-fli(i,aj))(v>(t,!c) - p&fta:)), V(t,x) G [ij,T] x 

define a continuous function with 4>>wi. Similar to (|4.99[) and (I4.100|) , we can deduce from ([4.1111) , (14.1101) , (|4.108|) 
and ([23) that > $(t„, A®") , P-a.s. and that f£(w) > /®" (s, u>, y?{u),Z£(uj)) for dsxdP-&.s. (s, u) G fo, T]xQ. 
As / T ^ is Lipschitz continuous in (y, z), we know from Proposition [L2] (2) that P— a.s. 



^ > n 6 " fe, A r e ;')) , Vs G [<„ T]. 
Letting s = tj and using the fact that tj >to — g£>fo — gt>o> I^Oi we obtain 

- ^ > - p<, = y? 3 > Y^^^^^xp^^)), 



P-a.s. 



Taking essential supremum over fi G Ut j and applying Theorem 12 . II with (t, x, S) = (tj, Xj, |#), we see from (|4.109[) 
that P— a.s. 

^■,^-^o^esssupF^ 

5 

> Wi (tj ,Xj)> if(tj pt , 

where Tp llt = inf |s G (tj, T] : xl 3 ^ 3 '^' 13 ^^ £02 S (tj,Xj)X. A contradiction appears. Therefore, Wi is a viscosity 
supersolution of (|3.ip with Hamiltonian Hi . □ 
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